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FRACTIONAL POWERS OF QUATERNIONIC OPERATORS AND 
KATO’S FORMULA USING SLICE HYPERHOLOMORPHICITY 

FABRIZIO COLOMBO AND JONATHAN GANTNER 


Abstract. In this paper we introduce fractional powers of quaternionic operators. Their 
definition is based on the theory of slice-hyperholomorphic functions and on the S'-resolvent 
operators of the quaternionic functional calculus. The integral representation formulas of 
the fractional powers and the quaternionic version of Kato’s formula are based on the notion 
of S-spectrum of a quaternionic operator. 

The proofs of several properties of the fractional powers of quaternionic operators rely 
on the S-resolvent equation. This equation, which is very important and of independent 
interest, has already been introduced in the case of bounded quaternionic operators, but 
for the case of unbounded operators some additional considerations have to be taken into 
account. Moreover, we introduce a new series expansion for the pseudo-resolvent, which is 
of independent interest and allows to investigate the behavior of the 5'-resolvents close to 
the S'-spectrum. 

The paper is addressed to researchers working in operator theory and in complex analysis. 
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1. Introduction 

The theory of holomorphic functions has several applications in operator theory. For example 
it allows to dehne groups and semigroups of linear operators that have applications in PDE 
and in other helds of mathematics and physics, see [23, 26, 41, 43, 48, 49]. 

Quaternionic linear operators play a crucial role in quaternionic quantum mechanics because 
Schrodinger equation can be formulated just using complex numbers or quaternions, see the 
fundamental paper [15] on the logic of quantum mechanics by Birkhoff and von Neumann and 
the subsequent papers [25, 28, 42], For the quaternionic formulation of quantum mechanics, 
we refer the reader to the book of Adler [1]. 

In the dehnition of functions of quaternionic linear operators, the classical theory of holomor¬ 
phic functions has to be replaced by the recently developed theory of slice hyperholomorphic 
functions, see the books [12, 22, 31]. The notion of S-spectrum is the most fundamental con¬ 
cept in quaternionic operator theory: the slice hyperholomorphic functional calculus (called 
S-functional or quaternionic functional calculus), which is the quaternionic analogue of the 
Riesz-Dunford functional calculus, is based on this notion of spectrum, see [23, 50] for the 
classical case and the original papers [4, 17, 18] and the book [22] for the quaternionic case. 
Thanks to the quaternionic functional calculus, it has been possible to develop the theory of 
quaternionic evolution operators, see [3, 9, 19, 35], and the spectral theorem for quaternionic 
operators using the notion of S-spectrum [6, 7, 33]. We point out that there are several 
attempts to prove the spectral theorem over the quaternions in the literature, for instance 
[28, 51, 53], but the notion of spectrum used is not clearly specihed except for the paper [27]. 
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In this paper the authors use the right spectrum aii{M) of a normal quaternionic matrix 
M, which however turns out to be equal to the 5-spectrum as{M). Using the notion of 
5-spectrum, it is possible to dehne also the continuous functional calculus see [32], where the 
authors use the notion of slice hyperholomorphicity in the approach of [34]. 

The theory of slice hyperholomorphic functions and the quaternionic functional calculus have 
allowed to generalize Schur analysis to this setting. The literature on classical Schur analysis 
is very large, we quote the books [2, 13], for an overview of the classical case, and the first 
papers [ 8 , 10 , 11 ] for the slice hyperholomorphic setting together with the book [ 12 ] and the 
references therein for an overview of the existing literature. 

Recently, we have proved the Taylor expansion in the operator for the 5-functional calculus, 
see [16]. In this paper we address the problem of defining fractional powers of quaternionic 
operators using the Cauchy formula of slice hyperholomorphic functions. To explain our re¬ 
sults and the main differences with respect to the classical case, we recall some facts on the 
classical theory, see for example [26]. 

The theory of fractional powers of linear operators has been developed by several authors. 
Without claiming completeness, we mention among them, for the early works, the papers 
[14, 38, 39, 40, 44, 45, 46, 47, 54, 55]. The literature is now very wide and it has developed 
in several directions. 

Let ^ be a closed linear operator on a complex Banach space such that (0,oo) C p{A), 
where p{A) is the resolvent set of A. We denote by 

R{X,A) := {XI - A)-\ X€p{A) 

the resolvent operator and we assume that jji?(A, 2 l)jj < M/(l-|-A) for some constant M > 0 
and all A G (0,oo). If this holds true then there exists an open sector S in C such that 
M+ C S C p{A) and [[^(A,^!)]] < 2M/(1 + [A]) all A G S. 

We consider a branch of the fractional power A —)• A“" for a > 0. This is a holomorphic func¬ 
tion and the resolvent operator A —)• R{X, A) is also a holomorphic operator-valued function. 
We can therefore define 

:= — f A-“R(A,T)dA 

27ri 

where 7 is a piecewise smooth path in S \ M"*" that surrounds the spectrum of A, which is in 
general unbounded. Due to Cauchy’s integral theorem, the definition of the fractional power 
AA does not depend on the choice of 7 if the path does not intersect the spectrum of A. 
Moreover some properties of the fractional powers depend on the resolvent equation 

i?(A, A) — R{p, A) = —(A — p)R{X, A)R{p, A), X, p € p{A). 

The idea of using the Cauchy formula for holomorphic functions to define functions of oper¬ 
ators is the basis of the Riesz-Dunford functional calculus. 

In the case of quaternionic operators (and also in the case of n-tuples of operators) slice 
hyperholomorphicity is among the most useful notions of holomorphicity to define functions 
of operators. The skew-field of quaternions El can be written as H = where S con¬ 

sists of all quaternions I such that /^ = — 1 and C/ is the complex plane with imaginary 
unit I. We say that a function / : 1/ C El —>• El is (left) slice hyperholomorphic in U if its 
restriction // to the complex plane C/ is in the kernel of the Cauchy-Riemann operator 

1 / a d \ 

- I —— fi{x) + I-T — fi{x) =0 for all x = Xo + Ixi G U C C/ and all / G S. 

2 \dxo 0 x 1 J 

In a similar way, one can define right slice hyperholomorphic functions. 
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The Cauchy formula for slice hyperholomorphic functions is the tool to define the quaternionic 
functional calculus or S-functional calculus. There are however differences with respect to 
the classical case: the notion of spectrum of an operator is for example not what one would 
expect by readapting the classical case. Instead, the S'-spectrum of a bounded right linear 
operator on T on a two sided quaternionic Banach space V is defined as 

crs{T) = {s G H : — 2Re(s)T + \s\^X is not invertible}, 

where s = sq + sii + S 2 j + is a quaternion, Re(s) = sq and |sP = •Sq + + '^2 + There 

are two resolvent operators associated with the quaternionic functional calculus, because the 
theory of slice hyperholomorphic functions contains different Cauchy kernels for left or right 
slice hyperholomorphic functions. The left and the right 5-resolvent operators are defined as 

5-i(s,r) :=-(r2-2Re(s)T+|spX)-i(T-^), s£M\as{T) (1.1) 

and 

S]^\s,T) :=-{T-2Re{s)T+ \s\^I)-\ seM\as{T), (1.2) 

respectively. Let U C H be a suitable domain that contains the S-spectrum of T. We define 
the quaternionic functional calculus for left slice hyperholomorphic functions / : 1 / —>• H by 

fiT) = ^[ SJ:\s,T) dsj f{s), (1.3) 

Jd{UnCi) 

where dsj = —dsl, and for right slice hyperholomorphic functions / : 1 / —)• H, by 

= f{s)dsjS],\s,T). (1.4) 

JdiUnCi) 

As one may observe, the integrals in (1.3) and (1.4) are computed on the boundary of U in the 
complex plane C/ and in principle the integral would depend on the imaginary unit I chosen 
in §. Fortunately, this is not the case so that the quaternionic functional calculus turns out 
to be well dehned. This calculus can be extended to the case of unbounded operators under 
the condition that the function is slice hyperholomorphic at inhnity. 

In the case of the quaternions, the function s with a > 0 is both left and right slice 

hyperholomorphic on H \ (—oo,0], but not at infinity. So we cannot use the 5-functional 
calculus, but have to proceed directly with the definition using the Cauchy formula in order 
to define T““. For a right slice hyperholomorphic function, we have 

T-^:=^l^s-»dsiS^\s,T), (1.5) 

where / G S, and F is a path in the complex plane C/ that surrounds the intersection of the 
5-spectrum of the operator T with the complex plane C/. The same operator can be defined 
using the left S-resolvent operator 

T-^:=^I^Sj:\s,T)dsis-'^. (1.6) 

Using the above definition we can give some canonical integral representations of the fractional 
powers depending on the location of the 5-spectrum. For example if crs{T) C {s G H : 
Re(s) > 0}, under further assumptions, we have 

^ (?) ^ ™ (?) 

This representation can be deduced from both formula (1.5) and (1.6). We point out that 
the functions, to which we can apply both versions of the S-functional calculus, are called 
intrinsic functions and they play an important role in the theory of slice hyperholomorphic 
functions and quaternionic operators. 
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The proofs of several properties of the fractional powers, for example the semigroup property, 
are based on the resolvent equation. In the case of bounded operators we have shown in [4] 
that 

S],\s,T)SJ:\p,T) = [[S],\s,T) - SJ:\p,T)]p 

-s[S^^{s,T) - Sl^{p,T)]]{p^ - 2soP+ 

for s, p G H \ crs{T). 

This equation holds also for unbounded operators, but one has to show that it is meaningful 
on the entire space V. This has been verified in Section 2. 


Moreover, in this paper we extend Kato’s formula to the quaternionic setting. Kato con¬ 
siders in his paper [44] linear operators in the Banach space X that are not necessarily 
infinitesimal generators of semigroups. He considers the class of operators of type (w, M) 
that are defined as follows: 


(I) A is densely dehned and closed, 

(II) the resolvent set of —A contains the open sector | arg A| < tt — uj, co G (0, vr) and 
A(A/ -|- A)~^ is uniformly bounded in each small sector | arg A| < ir — lo — e, for e > 0 
and 

X\\{XI + A)-^\\ < M, A>0. 

Kato quotes in his references that similar operators are considered also by M. A. Krasnosel’skii 
and P. E. Sobolevskii. 

If A is an operator of type (w, M), then the fractional powers A“ for a. G (0,1) can be defined 
indirectly via 


(A/ + A“)-^ = 


sin(7ra) 


f 




-{pi -b A) ^dp 


^ Jo 2 Ap“ cos( 7 ra) -|- p^°^ 

The proof of Kato’s formula is done in several steps. We point out that the formula is 
obtained using a Cauchy integral representation: the second hand side of the formula is equal 
to 


«/(A) ^ j ~ 


where A > 0 and the path 7 lies in the resolvent set of A and goes from ooe“*® to ooe*® with 
uj < 0 < TV avoiding the negative real axis and zero. Operator-valued function J(A) satisfies 
the resolvent equation. The question is whether it can be expressed in the form 

J(A) = (A + A“)-^ 


In other words one has to show that a single-valued function J defined on a subset E of the 
complex plane with values in the Banach algebra of all bounded linear operators B{X) that 
satisfies the equation 

J(A)-J(A') = -(A-A')J(A)J(A') = -(A-A')J(A')J(A), V A, A'G E (1.7) 


is the resolvent operator of a closed linear operator A“. 

In the quaternionic case the S-resolvent equation involves both resolvent operators, but de¬ 
spite this fact we are able to prove Kato’s formula in this setting. If T is of type (M, cj), then 
we can define for p with arg(p) > (jio > max{a;, avr} the operator 

Fa{p,T) := f t°^{p^ — 2pt°^ cos{a'K) + S^{—t,T) dt. 

^ Jo 

The operator-valued left slice hyperholomorphic function p —>• Fa{p,T) does not satisfy the 
equation (1.7) in general, but only if A and p are real. This is however sufficient in order to 
show the existence of an operator Ba, with {p, Ba) = Fa{p, T), which we dehne to be r“. 





FRACTIONAL POWERS OF QUATERNIONIC OPERATORS 


5 


We point out that in order to show that Fa{p,T) satisfies (1.7) on the negative real line, we 
prove that it equals a Cauchy-type integral if 0 G ps{T)- In this case, we have 

Fa{p,T) = ^I^S],\p,s^)dsiS],\s,T), 

with 

Sr\p,s-) = - 2Re(p)s“ + \p\^)-^ 

and r being any path that goes from ooe^® to ooe~^^ with 9 G in an arbitrary plane 

C/ avoiding the negative real axis and 0. If p is real, then S~^{p,s^) is intrinsic and we 
can represent Fa{p,T) also using the left S'-resolvent. Once more it is then the 5-resolvent 
equation that allows us to show that Fa{p,T) satishes (1.7) in this case. 

Outline of the paper. In Section 2 we introduce the necessary definitions and results of the 
theory of slice hyperholomorphic functions and the 5-functional calculus. The 5-resolvent 
equation for unbounded operators and some results on operator-valued slice hyperholomor- 
phic functions are proved here. Section 3 contains preliminary results on the 5-resolvents: 
we introduce a new series expansion for the pseudo-resolvent and use it to show that the 
5-resolvent is actually slice hyperholomorphic, which has always been used but never shown 
for unbounded operators. Then we show that the norms of the 5-resolvents tends, in a 
certain sense, to infinity as one approaches the 5-spectrum under suitable assumptions and 
that therefore there cannot exist any slice hyperholomorphic continuation of the 5-resolvents, 
which is a fundamental fact for several proofs in this paper. Section 4 contains the definition 
of the fractional powers of a quaternionic operator and the proof that they are well defined. 
Moreover, we prove the semigroup property of the fractional powers and some integral rep¬ 
resentations. Section 5 is dedicated to the extension of Kato’s formula to the quaternionic 
setting. Finally, the appendices contain several quite technical estimates needed in the proofs 
of Section 4. 


2. Preliminary results 

The skew-field of quaternions consists of the real vector space 

3 

El := {^0 + G 

i=l 

which is endowed with an associative product satisfying 

2 2 2 1 
= ^2 = 63 = 616263 = -1. 

The real part of a quaternion x = ^0 + X]?=i defined as Re(x) := hs imaginary part 

as X := X^j=i iiOi and its conjugate as x := Re(x) — x. 

Each element of the set 

S := {x G H : Re(x) = 0, |x| = 1} 

is a square-root of —1 and is therefore called an imaginary unit. For any / G §, the subspace 
C/ := {xq + 7xi : xi,X 2 G M} is an isomorphic copy of the field of complex numbers. If 
/, J G S with / T J, set K = IJ = —JF Then 1, /, J and K form an orthonormal basis of 
H as a real vector space and 1 and J form a basis of BI as a left or right vector space over 
the complex plane C/, that is 


HI = C/-bC 7 J and EI = C/-bJC/. 
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Any quaternion x belongs to such a complex plane: if we set 

j j if X / 0 
^ |any I e §, if x = 0, 

then X = xo + IxXi with xq = Re(x) and xi = |x|. The set 

[x] := {xo + Ixi :/€§}, 

is a 2-sphere, that reduces to a single point if x is real. 


2.1. Slice hyperholomorphic functions. As pointed out in the introduction, quaternionic 
operator theory is based on the theory of slice hyperholomorphic functions, the most impor¬ 
tant results of which we introduce now. The proofs of the results stated in this subsection 
can be found in the book [22]. 

Definition 2.1. Let U cM be open and let f : U be real differentiable. For any / G S, 
let fj := flunCi denote the restriction of f to the plane C/. The function f is called left slice 
hyperholomorphic if, for all / G S, 

^ = 0 for all x = xq + Ixi e U D Cj (2.1) 

and right slice hyperholomorphic if, for all / G S, 

^ ^ ^ /or a/1 X = Xo +/xi G t/n C/. (2.2) 

A left slice hyperholomorphic function that satisfies f{U n C/) C C/ for all I £ § is called 
intrinsic. 

We denote the set of all left slice hyperholomorphic functions on U by STiLfU), the set of all 
right slice hyperholomorphic functions on U bySTin^U) and the set of all intrinsic functions 
byMiU). 

Note that an intrinsic function is both left and right slice hyperholomorphic because //(x) G 
C/ commutes with the imaginary unit I in the respective Cauchy-Riemann-operator. The 
converse is not true: the constant function xi—)-6G]HI\Mis left and right slice hyperholo¬ 
morphic, but it is not intrinsic. 

The importance of the class of intrinsic functions is due to the fact that the multiplication 
and composition with intrinsic functions preserve slice hyperholomorphy. This is not true for 
arbitrary slice hyperholomorphic functions. 

Corollary 2.2. If f £ Af{U) and g £ S'Hl{U), then fg £ S'Hl{U). If f £ S'Hji{U) and 
g £ MiU), then fg £ SHiffU). 

Ifg£M{U) and f £ SHL{g{U)), then f o g £ SHl{U). Ifg£Af{U) and f £ SHR{g{U)), 
then f o g £ SHr{U). 

Important examples of slice hyperholomorphic functions are power series with quaternionic 
coefficients: series of the form x'^On are left slice hyperholomorphic and series of the 

form ^nX^ are right slice hyperholomorphic on their domains of convergence. A power 

series is intrinsic if and only if its coefficients are real. 

Any slice hyperholomorphic function on the other hand can be expanded into a power series 
at any real point. 

Definition 2.3. The slice-derivative of a function f £ S'Hl{U) is defined as 

dsf{x) = lim (s - x)"^(/(s) - /(x)) for x = xq + IxXi £ U, 
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where limcj ^s^x9{s) denotes the limit as s tends to x in Cj^. The sliee-derivative of a 
funetion f £ STLr{U) is defined as 

dsf{x) = ^lira {f{s)-f{x)){s-x)~^ for x = xq + IxXi £ U. 

Corollary 2.4. The slice derivative of a left (or right) slice hyperholomorphic function is 
again left (or right) slice hyperholomorphie. Moreover, it eoineides with the derivative with 
respeet to the real part, that is 

d 

dsf{x) = ^—f{x) forx = xo + Ixi. 

OXo 

Theorem 2.5. If f is left slice hyperholomorphic on the ball B(r,a) with radius r eentered 
at a £ K, then 

+ 00 

n=0 

If f is right slice hyperholomorphic on B{r,a), then 

+ 00 ^ 

n=0 

Slice hyperholomorphic functions possess good properties when they are dehned on suitable 
domains. 

Definition 2.6. A set C/ C BI is called 
(i) axially symmetric if \x\ C U for any x £ U and 

(a) a slice domain if U is open, C/ n M / 0 and U Cl Cj is a domain for any I £§. 

Theorem 2.7 (Identity Principle). Let U be a slice domain, let f be left or right slice 
hyperholomorphic on U and let Z be the set of zeros of f. If there exists an imaginary unit 
/ £ S such that Z nCj has an accumulation point in U Ci Cj, then / = 0. 

As a consequence of the Identity Principle, the values of a slice hyperholomorphic function 
on an axially symmetric slice domain are uniquely determined by its values on an arbitrary 
complex plane C/. Therefore, any function that is holomorphic on a suitable subset of a 
complex plane possesses an unique slice hyperholomorphic extension. 

Theorem 2.8 (Representation Formula). Let U be an axially symmetric slice domain and 
let I £§. For any x = xq + IxXi £ LI set xj := xq + Ixi. If f £ STiLiU), then 

fix) = ^(1 - Ixl)fixi) + ^(1 + Ixl)fixj) for all x £ U. 

If f£SnR{U), then 

fix) = fixi)il - /4)^ + fixi)i^ + .14)^ for all x £ U. 

Corollary 2.9. Let / £ § and let f : O ^ M be real differentiable, where O is a domain in 
C/ that is symmetric with respect to the real axis. 

(i) The axially symmetric hull [O] := U^eol^] ^f ^ axially symmetric slice domain, 

(a) If f satisfies (2.1), then there exists a unique left slice hyperholomorphic extension of f 
to [O]. 

(Hi) If f satisfies (2.2), then there exists a unique right slice hyperholomorphic extension of 
f to [O]. 


for X £ B{r,a). 


for X £ B{r,a). 
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Remark 2.10. If / has a left and a right slice hyperholomorphic extension, they do not 
necessarily coincide. Consider for instance the function z i—)• on C/ with a constant 

b £ C/ \ M. Its left slice hyperholomorphic extension to HI is x eA xb, but its right slice 
hyperholomorphic extension is x e-)• 


Finally, slice hyperholomorphic functions satisfy an adapted version of Cauchy’s integral 
theorem and a Cauchy-type integral formula with a modified kernel, which is the starting 
point for the definition of the S'-functional calculus. 


Definition 2.11. We define the left slice hyperholomorphic Cauchy kernel as 

Sfi^{s, x) = —(x^ — 2Re(s)x -|- |sp)“^(x — s) for x ^ [s] 

and the right slice hyperholomorphic Cauchy kernel as 

Sfi^{s, x) = —(x — s)(x^ — 2Re(s)x -|- for x ^[s\. 

Corollary 2.12. The left slice hyperholomorphic Cauchy-kernel S]^^{s,x) is left slice hyper¬ 
holomorphic in the variable x and right slice hyperholomorphic in the variable s on its domain 
of definition. Moreover, we have Sfi^{s,x) = —S~[^{x, s). 


Remark 2.13. If x and s belong to the same complex plane, they commute and the slice 
hyperholomorphic Cauchy-kernels reduce to the classical one: 


1 


s — X 


Sl^{s,x) = S'^^(s,x). 


Theorem 2.14 (Cauchy’s integral theorem). Let O C El 6e open, let I £ E> and let Dj be a 
bounded open subset of O CiCj with Dj C O C C/ sueh that its boundary consists of a finite 
number of continuously differentiable Jordan curves. For any f £ S'Hr{U) and g £ STLl{U), 
it is 



= 0 , 


where dsi = —I ds. 


Theorem 2.15 (Cauchy’s integral formula). Let Lf gM be a bounded axially symmetric slice 
domain such that its boundary d{U H C/) in Cj consists of a finite number of continuously 
differentiable Jordan curves. Let I £ S and setdsj = —I ds. If f is left slice hyperholomorphic 
on an open set that contains U, then 

fix) = ^[ Sl^{s,x)dsi f{s) forallx£U. 

JdiUnCi) 

If f is right slice hyperholomorphic on an open set that contains U, then 

fix) = ^[ f{s)dsiSfi^{s,x) forallx£U. 

Jd{UnCi) 

The pointwise product of two slice hyperholomorphic functions is in general not slice hyper¬ 
holomorphic. However, it is possible to define regularized products that preserve left and 
right slice hyperholomorphicity. The left slice hyperholomorphic Cauchy-kernel Sf^{s,x) is 
the inverse of the function x i-A s —x with respect to this left slice hyperholomorphic product. 
Similarly, Sfi^{s,x) the inverse of the function x eA s — x with respect to the right slice 
hyperholomorphic product. We therefore define Sf^{s,x) and S]ff'{s,x) as the n-th inverse 
power of the function x i-A s — x with respect to the left resp. right slice hyperholomorphic 
product. 
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Definition 2.16. Let G H with s ^ [x]. For n G Nq, we define 


k—n—k 


and 


x) := (x^ - 2Re(s)x + [sp) ” ^ Q {-x)’^s 

Sfi^{s,x) := V f^')s"-^(-x)^(x2-2Re(s)x + |s|2)-". 
k=0 ^ ^ 

A theory of slice hyperholomorphicity can also be developed for functions with values a 
two-sided Banach space over the quaternions. First results were stated in [5]. 

Definition 2.17. Let V be a two-sided quaternionic Banach space, let U C H be open and 
let f : U ^ V be real differentiable. For any I G S, let fi := f\unCi denote the restriction of 
f to the plane C/. The function f is called left slice hyperholomorphic if, for any I £§, 

1 


2 \ ax, 


fi{x) + /—— fi{x) ) = 0 for all x = xq + Ixi € U CiCj 


dx-i 


(2.3) 


(2.4) 


and right slice hyperholomorphic if, for any I G S, 

\ ^ ^ X = Xo + /xi G [/ n C/. 

IFe denote the set of all left slice hyperholomorphic functions on U by SFiLfU, V), the set of 
all right slice hyperholomorphic functions on U by ST-Lr(U,V). 

Remark 2.18. The paper [5] actually starts from a different definition. Therein, an operator¬ 
valued function / is called strongly left slice hyperholomorphic if it admits a left slice deriv¬ 
ative, that is 

lim {s - x)~^{fi{x) - fi{s)) (2.5) 

>-ir 

exists in the topology of V for any s G ?7 n C/ and any / G § and the limits coincide for all 
I G § if s is real . 

The function / is called weakly left slice hyperholomorphic if, for any continuous left linear 
functional A in the (left) dual space V* of V, the function Af admits a left slice derivative 
that is 

lim (s - x)-^{Afj(x) - Afi{s)) 

Ci3s^x 

exists in H for any s € U CiCj and any / G S and the limits coincide of all / G S if s is real. 
This is equivalent to Af being left slice hyperholomorphic in the sense of Definition 2.1 by 
[5, Proposition 3.2] if Af is real differentiable. By Theorem 3.6 in [5] the notions of strong 
and weak left slice hyperholomorphicity are equivalent and by Proposition 3.9 they are both 
equivalent to the notion of left slice hyperholomorphicity defined in Definition 2.17 as long 
as / is assumed to be real differentiable. 

Analogue considerations can be done for right slice hyperholomorphic functions. In this case, 
the right slice derivative defined by 


lim {fj{x) - fi{s)){s - x) 

VjBs^x 


-1 


( 2 . 6 ) 


replaces the notion of left slice derivative and the notion of weak right slice hyperholomor¬ 
phicity must be defined using right linear functionals in the right dual space of V instead of 
left linear functionals. 


Many results for scalar-valued slice hyperholomorphic functions also hold true in the operator 
valued case. The proofs of the following results can be found in [5]. 
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Theorem 2.19 (Identity Principle, [5, Proposition 3.11]). Let U be a slice domain, let f 
be left or right slice hyperholomorphic on U with values in a two-sided quaternionic Banach 
space and let Z be the set of zeros of f. If there exists an imaginary unit I £ § such that 
Z nCj has an accumulation point m [/ n C/, then / = 0. 

Theorem 2.20 (Representation Formula, [5, Theorem 3.15]). Let V be a two-sided quater¬ 
nionic Banach space, let Lf be an axially symmetric slice domain and let / G S. For any 
X = xq-\- IxXi G U set XI := xq + Ixi. If f ^ SFiLiU, V), then 

f{x) = ^(1 - Ixl)f{xi) + ^(1 + Ixl)f{^) for all x eU. 

Iff£SnR{U,V), then 

f{x) = f{xi){l - IIx)^ + /(^)(1 + -^4)^ for all x eu. 

An immediate consequence of this Theorem is the following extension result, which can be 
shown as the one in the scalar case. 

Corollary 2.21. Let V be a two-sided quaternionic Banach space, let I gS and let f : O ^ V 
be real differentiable, where O is a domain in C/ that is symmetric with respect to the real 
axis. 

(i) If f satisfies (2.3), then there exists a unique left slice hyperholomorphic extension of f 
to [O], 

(ii) If f satisfies (2.4), then there exists a unique right slice hyperholomorphic extension of 
f to [O]. 

Theorem 2.22 (Cauchy’s integral formula, [5, Theorem 3.13]). Let Lf <Z M. be a bounded 
axially symmetric slice domain such that its boundary d{U n Cj) in C/ consists of a finite 
number of continuously differentiable Jordan curves. Let / G § and set dsj = —Ids. If f is 
left slice hyperholomorphic on an open set that contains Lf, then 

= Sf^{s,x)dsi f{s) forallxGU. 

Jd{UnCi) 

If f is right slice hyperholomorphic on an open set that contains Lf, then 

= f{s)dsiSfi^{s,x) forallxGLf. 

Ja(Ur\Ci) 

To the best of the authors’ knowledge, the proves of several fundamental results have not yet 
been given explicitly for the case of vector-valued slice hyperholomorphic functions. Thus, 
we shall give them for the sake of completeness. 

Corollary 2.23. Let V be a two-sided quaternionic Banach space. The slice derivative of a 
left (or right) slice hyperholomorphic function with values in V defined by (2.5) resp. (2.6) is 
again left (or right) slice hyperholomorphic. Moreover, it coincides with the derivative with 
respect to the real part, that is 

d 

dsf{x) = -^ — f{x) forx = xo + Ixi. 

OXo 

Proof. Assume that / G 5'Hi(?7, V), choose / G S and consider fj = funCi- The quaternionic 
Banach space V also carries the structure of a complex Banach space over the complex field 
C/, which we obtain by restricting the multiplication with quaternionic scalars on the left 
to C/. The function // is then a function with values in this complex Banach space that is 
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holomorphic in the classical sense. Its derivative coincides with the slice derivative of / on 
C/, i.e. 

(dsf)lunCj = fi = ^— fi, 

OXq 

where fj denotes the usual derivative of //, when it is considered a holomorphic function with 
values in a complex Banach space over Cj. In particular this function is again holomorphic 
in the classical sense and thus satisfies (2.3). The statement for right slice hyperholomorphic 
functions follows with analogous arguments. 

□ 


Theorem 2.24. Let V be a two-sided quaternionic Banach space and assume that the func¬ 
tion f takes values in V. If f is left slice hyperholomorphic on the ball B{r,a) with radius r 
centered at a gW, then 

+ 00 .. 

fix) = a)'^—d^f{a) forxGB{r,a). 

n=0 

If f is right slice hyperholomorphic on B (r, a), then 

+ 00 .. 

fix) = '^:^dsfia){x-a)^ forxGB{r,a). 

n=0 

Proof. Assume that / is left slice hyperholomorphic on B{r,a) and consider an imaginary 
unit I G E>. As in the proof of Corollary 2.23 we may consider V as a Banach space over C/ 
by restricting the scalar multiplication with quaternions on the left to C/. The restriction 
fj of / to the complex plane C/ is then a holomorphic function with values in a complex 
Banach space and thus admits a power series expansion at a that converges on B{r, a) n C/. 
For X G B{r, a) n Cl, we obtain 

~ 1“00 ^ ~ 1“00 ^ 
fix) = fiix) = JJix - a)^—^\a) = ^(x - 

n=0 ■ n=0 ■ 0 

By Corollary 2.23, we have -^fi^ia) = -§£frfia) = dgf{a). Thus the coefficients are inde¬ 
pendent of the plane C/ and the statement holds true. The case of right slice hyperholomor¬ 
phic functions can be shown by analogous arguments. 

□ 


Finally, we also give the proof of Cauchy’s integral theorem for vector-valued slice hyper¬ 
holomorphic functions. It is based on the quaternionic version of the Hahn-Banach-theorem, 
which was originally proved in [52] and a proof of which can also be found in [22]. We need 
the following corollary. 


Corollary 2.25 ([22, Corollary 4.10.2]). Let V be a two-sided quaternionic Banach space. If 
A(v) = 0 for all continuous right linear functionals A : F —)• H, then v = 0. 

Similarly, if A(v) = 0 for all continuous left linear functionals A : F —)• H, then also u = 0. 


Theorem 2.26 (Cauchy’s integral theorem). Let V be a two-sided quaternionic Banach 
space, let O G M be open and let I G S. Furthermore assume that Dj is a bounded open 
subset ofOriCj with Dj C OCiCj, whose boundary consists of a finite number of continuously 
differentiable Jordan curves. If f G S'Hr{U,V) and g G 5^l([/, H) or if f G 5'H_r(17, H) and 
g G 5'Hl(C, F), then 


j 

JdDi 


fis)dsig{s) = 0, 


where dsj = —Ids. 
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Proof. Assume that / € S'Hr{U,V) and g S S'Hl{U,M) and consider a continuous right 
linear functional A : 1/ —)• H. The function s i—)• Af{s) = A(/(s)) is a quaternion-valued right 
slice hyperholomorphic function. Thus we deduce from Theorem 2.14 that 

^( [ fis)dsig{s)\ = [ Af{s)dsig{s) =0 
\JdDi ) JdDj 

and from Corollary 2.25 in turn that the statement holds true. The other case follows with 
analogous arguments. 

□ 

2.2. The S-functional calculus. The natural extension of the Riesz-Dunford-functional 
calculus for complex linear operators to quaternionic linear operators is the so-called S- 
functional calculus. It is based on the theory of slice hyperholomorphic functions and follows 
the principal idea of the classical case: to formally replace the scalar variable x in the Cauchy 
formula by an operator. The proofs of the results stated in this subsection can be found in 
[4, 22]. 

Let C be a two-sided quaternionic Banach space. We denote the set of all bounded quater¬ 
nionic right-linear operators on V by iB(V} and the set of all closed and densely defined 
quaternionic right-linear operators on V by JC{V). 

Definition 2.27. We define the S-resolvent set of an operator T £ A(C) as 
ps{T) := {s £ e : (r^ - 2Re(s)T + |spX)-^ £ B{V)} 
and the S-spectrum of T as 

as{T) ■.= m\ps{T). 

For s £ 11 and T £ fC{V), we set 

Qs{T) := - 2Re(s)T + |spX. 

If s £ ps{T), then the operator 

QfiT)-^ = {T^ - 2Re(s)T + \s\^T)~^ 

is called the pseudo-resolvent of T at s. We point out that, in contrast to the notation we use 
in this paper, in the literature it is often the pseudo-resolvent that is denoted by the symbol 
Qs{T). 

Definition 2.28. Let T £ JC{V). The left S-resolvent operator is defined as 

Sfi\s,T) := Qs{T)-^s-TQfiT)-^ (2.7) 

and the right S-resolvent operator is defined as 

SfiHs,T):=-{T-Is)QfiT)-\ (2.8) 

Remark 2.29. Observe that one obtains the right 5-resolvent operator by formally replacing 
the variable x in the right slice hyperholomorphic Cauchy kernel by the operator T. The same 
procedure yields 

Sfi^{s,T)v =-Qs{T)-^{T-sl)v, forn£P(r) (2.9) 

for the left 5-resolvent operator. This operator is not defined on the entire space V, but only 
on the domain PfiT) of T. One can exploit the fact that Qs{T)~^ and T commute on P{T) in 
order to overcome this problem: commuting T and Qs{T)~^ in (2.9) yields (2.7). For arbitrary 
s £ H, the operator — 2Ke{s)T -\- |spX maps T>{T‘^) to V. Hence, the pseudo-resolvent 
Qs(7")~^ maps V to P(r^) C V(T) if s £ psiT). Since T is closed and Qs{T)~^ is bounded, 
equation (2.7) then defines a continuous and therefore bounded right linear operator on the 
entire space V. Hence, the left resolvent 5^^(s,r) is the natural extension of the operator 
(2.9) to V. In particular, if T is bounded, then Sfi^{s,T) can be defined directly by (2.9). 
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If one considers left linear operators, then one must modify the definition of the right S- 
resolvent operator for the same reasons. 

Remark 2.30. The jS-resolvent operators reduce to the classical resolvent if T and s com¬ 
mute, that is 

Sl\s,T) = S],\s,T) = {sZ-T)-\ 

This is in particular the case if s is real. 

As pointed out in the introduction, the S'-spectrum is the proper generalization of the notion 
of right-eigenvalues [20, Theorem2.5]. 

Theorem 2.31. Let T G K,[V). Then s G H is a right eigenvalue if and only if it is an 
S-eigenvalue. 

The following important result has implicitly been assumed to hold true in the literature. For 
the case of bounded operators a proof can be found in [29], but by the best of the authors’ 
knowledge, it has never been shown for unbounded operators. (The paper [35] contains a 
proof in a more general setting: it considers real alternative *-algebras instead of quaternions. 
However, the proof in this paper requires that there exits a real point in the jS-resolvent set 
of the operator.) For the sake of completeness, we therefore give its proof in this paper. Since 
the arguments for unbounded operators are quite technical, we postpone them to Section 3. 

Lemma 2.32. Let T G K-iV). The map s i— )■ Sf^{s,T) is a right slice hyperholomorphic 
funetion on ps{T) with values in the two-sided quaternionic Banach space BiV). The map 
s I—?' S]^{s,T) is a left slice hyperholomorphic function on ps{T) with values in the two-sided 
quaternionic Banach space B{V). 

The 5-resolvent equation has been proved in [4] for the case that T is a bounded operator. 
For the sake of completeness we show the 5-resolvent equation for the case of unbounded 
operators. 

Theorem 2.33 (5-resolvent equation). Let T G IC{V). If s,p G ps{T) with s ^ \p], then 
S-pis,T)Sl\p,T)v - S-p{j,,T)\p ^ 

-»|s^'(s,r)-SE‘(p,r)]](/-2s„p+|sp)-‘i., v(,v. 

Proof. We recall from [22] that the left 5-resolvent operator satisfies the equation 

TSf\p,T)v = Sf\p,T)pv-v, veV (2.11) 

and that the right 5-resolvent operator satisfies the equation 

S]^^{s,T)Tv = sS]^^{s,T)v -V, v£V{T). (2.12) 

As in the case of bounded operators, the 5-resolvent equation is deduced from these two 
relations. However, we have to pay attention to being consistent with the domains of definition 
of every operator that appears in the proof. 

We show that, for every v £V, one has 

SrHs,T)S2^{p,T){p‘^ - 2sop+ ls]^)u = 

[S],\s,T) - Sf:\p,T)]pv -nSf,\s,T) - Sf\p,T)]v. (2.13) 

We then obtain the original equation (2.10) by replacing v by (p^ — 2sop + 

For w £ V, the left 5-resolvent equation (2.11) implies 

Sf,\s, T)S2^ (p, T)pw = S],\s, T)TSf\p, T)w + Sf,\s, T)w. 
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Since QsiT) ^ = (T^ — 2soT + |spX) ^ maps V onto P(T^), the left 5-resolvent S^^{s, T) = 
Qs{T)~^'s — TQs{T)~^ maps V to V{T). Consequently, Sj^^{p,T)w G V(T) and the right 
5-resolvent equation (2.12) yields 

T)SzHp, T)pw = sS],\s, T)SJ:Hp, T)w - Sl\p, T)w + S^\s, T)w. (2.14) 

If we apply this identity with w = pv we get 
S]^{s,T)Sj}{p,T){p^ - 2sop-h |s|^)u 

=S^\s,T)Sl\p,T)p\-2soS^\s,T)Sl\p,T)pv + \s\^S^\s,T)Sl\p,T)v 
=sS^{s, T)Sl^{p, T)pv - Sl^{p, T)pv + 5^^ (s, T)pv 
- 2soS],\s, T)Sl\p, T)pv + \s\^S],\s,T)Sl\p,T)v. 

Applying identity (2.14) again with w = v gives 
S^{s,T)Sl^{p,T){p^ - 2sqp+\s\^)v 

=s^S]^{s,T)Sj}{p,T)v - sSj}{p, T)v + sS]^^{s,T)v - Sj;\p, T)pv + S]^{s,T)pv 
- 2sosS-^\s, T)Sl\p, T)v + 2soSl\p, T)v - 2soSl\s, T)v+ \s\^S-^\s,T)Sl\p, T)v 
=(^2 _ 2sos + \s\^)S^\s,T)Si\p,T)v - (2so - s)[Sj,\s,T)v - Sl\p,T)v] 

+ [S^\s,T)-Sl\p,T)]pv. 

The identity 2so = s -|- s implies — 2sqs -|- |sp = 0 and 2so — s = s, and hence we obtain 
the desired equation (2.13). 

□ 

Definition 2.34. Let T G K,{V). 

(i) An axially symmetric slice domain U is called T-admissible if as{T) C U and d{U nC/) 
is the union of a finite number of Jordan curves for any / G S. 

(ii) A function f is said to be left (or right) slice hyperholomorphic on crs{T) if it is left 
(or right) slice hyperholomorphic on an open set O such that U C O for some T- 
admissible slice domain U. We will denote the class of such functions by STiLicrsiT)) 

(or SnR{crs{T))). 

Formally replacing the slice hyperholomorphic Cauchy-kernels in the Cauchy-formula by the 
5-resolvent operators leads to the natural generalization of the Riesz-Dunford-functional 
calculus to quaternionic linear operators. 

Definition 2.35 (5-functional calculus for bounded operators). Let T G B{V), choose I gE: 
and set dsj = —Ids. For f G S'HL{as{T)), we define 

f{T):=^ [ Sf\s,T)dsif{s). 

27r Jd{unCi) 

For f G S'HR{as{T)), we define 

f{T):=^ [ f{s)dsiS],\s,T). 

27r JdiunCi) 

These integrals are independent of the choice of the bounded slice domain U and the imaginary 
unit / G §. 

A function / is said to be left (or right) slice hyperholomorphic at oo, if / is left (or right) slice 
hyperholomorphic on H \ i?(r, 0) for some ball i?(r, 0) and the limit /(oo) := limx->.oo f {x) 
exists. By S'HL{as{T) U {oo}) we denote the set of functions / G SLiR^asiT)) that are left 
slice hyperholomorphic at oo, and similarly we denote the corresponding sets of right slice 
hyperholomorphic and intrinsic functions. 
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Lemma 2.36. Let T S /C(T) with ps{T)nM. ^ 0, let a € ps{T)r\W and set A := {T — aX) ^ 

= —S~[^{a,T) G Biy). We define the function : EIU{oo} —)■ EIU{oo} by $a(s) = (s — 
for s G BI \ {a} and = oo and <1>q(oo) = 0. Then f G S'HL{as{T) U {oo}) if and only 

if f°^a^ G SULicysi^)) and f G U {oo}) if and only if fo^y G SUyasiA)). 

Definition 2.37. Let T G KL{T), let a G ps{T) H M and let A and be as in Lemma 2.36. 
For f G SLLl{o-s{T) U {oo}) or f G SLLR{as{T) U {oo}), we define 

f{T) = fo<^-\A) 

in the sense of Definition 2.35. 

Theorem 2.38. Let T gJC{V). If f G STLiicrsiT) D {oo}), then 

/(r) = /(oo)X+;l [ Sfi\s,T)dsifis) 

JdiUnCi) 

and if f G SILji{as{T) U {oo}), then 

/(r) = /(oo)X+;l [ fis)dsiSfi\s,T) 

Jd{unCi) 

for any imaginary unit I G §> and any T-admissible slice domain U such that f is left (resp. 
right) slice hyperholomorphic on U. In particular, Definition 2.37 is independent of the choice 
of a. 

Corollary 2.39. Let T G K,{V) and let ofi(T) denote the extended S-spectrum of T, that 
is crs{T) = (Js(T) if T is bounded and crs{T) = crs{T) U {oo} if T is unbounded. The 
S-functional calculus has the following properties: 

(i) If f, 9 G BTLLiofiiT)) and a G H, then {fa + g){T) = f{T)a + g{T). If f,g G 
STiR{Ws{T)) and o G HI, then {af + g){T) = af{T) + g{T). 

(ii) If f G y{6fi{T)) and g G SILL{6fi{T)) or if f G SILR{Wfi{T)) and g G N{Wfi{T)), then 
{fg){T) = f{T)g{T). 

(in) Ifg G N{as{T)), thenas{g{T)) = g{as{T)) andf{g{T)) = fog{T) iff G SnL{9{crs{T))) 
or f G SnR{g{6R{T))). 

Although polynomials do not belong to the class of admissible functions if the operator is 
unbounded, they are still compatible with the S'-functional calculus as the following lemma 
shows [30, Lemma 4.4] 

Lemma 2.40. Let T G IC{V) with ps{T) / 0 and assume that f G J\f{as{T) U {oo}) has a 
zero of order n G No U {+oo} at infinity. 

(i) For any intrinsic polynomial P of degree lower than or equal to n, we have P{T)f{T) = 

{Pf){T). 

(ii) If V G V{Ty for some m G No U {oo}, then f{T)v G P(T™'+"'). 

Finally, we determine the slice derivatives of the S-resolvent operators. For bounded T, this 
has been done in [16], but since the calculations are slightly more delicate for unbounded oper¬ 
ators, we give the proof again for the sake of completeness. Definition 2.16 and considerations 
as in Remark 2.29 motivate the following definition. 

Definition 2.41. Let T G KAV). For s G ps{T), we set 
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and 

5-"(s,r) -.= ^2 f^')s”"^(-T)^(r2-2Re(s)r + |s|2)-^. 

k=0 ^ ' 

Remark 2.42. The operator Qs(T)“” = (T^ — 2Re(s)T + |spX)“"' is bounded and maps 
V to P(T^”'), cf. the argnments in Remark 2.29. Furthermore, by Corollary 4.5 in [30], the 
operators (—T)^. Hence, the operators 57”(s,T) and £'7"(s,T) are bounded as V({—T)^) = 
P(r^) D P(r2") for any fe G {0,..., n}. 

Lemma 2.43. Let T G JC{V) with ps{T) CM / 0. The n-th slice derivatives of the left and 
right S-resolvent ofT for n G No are 

d^sSj:\s,T) = i-irn\s2^^^\s,T) and = (-l)-n! T). 

Proof. We consider the case of the left 5-resolvent operator. For p G ps(T), let e be such that 
B{e,p) C Ps{T) and set := BI\[R(e,p)], where [B{e,p)] denotes the axially symmetric hull 
of B{e,p). For any s G [B{e/2,p)], the map x >->■ Sf^{s,x) is then left slice hyperholomorphic 
on Up^e and also at infinity with S'[^{s, oo) = 0. We thus have by Theorem 2.38, Corollary 2.39 
and Lemma 2.40 that 


Sl^{s,T) = Qs{T)-^s-TQ,{T) 
1 f 


-1 


27r 

1 


'd{Up,enCi) 


Sp^^{s,x)dxi Qs{x) ^s--^ [ Sp}{s,x)dxixQs{x) 

Ja{Up,enCi) 


-1 


'd{Up,enCi) 


Sp^^{x,T)dxi {s,x), 


where Qs{x) ^ = {x^ — 2Re(s)a; —hjsf) ^. By induction, one can easily see that 


-1 


5S5 


(s,x) = (-irn!5-("+')(s,x) = (-Ifnlf; 

k=0 ^ ^ 


where the second equality holds because Qs{x) ^ and x commute. Since (—x)^ is an intrinsic 
polynomial, since is also intrinsic and since s e-)- 5^^(s,r) can be represented by 

the above integral on a neighborhood of p, we deduce again from Theorem 2.38, Corollary 2.39 
and Lemma 2.40 that 

d^sSj:\s,T) = ^ / Sj:^ix,T)dxid-sSl\s,x) 

Jd{Up,enCi) 

k=0 ^ ’ 

□ 


2.3. Logarithm and fractional powers in the quaternions. In order to state the main 
results we finally recall the logarithmic function in the slice hyperholomorphic setting. The 
logarithmic function on M is defined as 

log s := In jsj -|- Is arccos(so/|s|) for s G HI \ {(—oo, 0]}. 


(2.15) 
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Note that for s = sq S [0,oo) we have arccos(so/|'S|) = 0 and so logs = Ins. Therefore, 
log s is well defined also on the positive real axis and does not depend on the choice of the 
imaginary unit Ig. It is 

glogs _ g for s € H 


and 


log e® = s for s G El with |s| < vr. 

The logarithmic function is real differentiable on El \ (—oo,0]. Moreover, for any / G S, 
the restriction of log s to the complex plane Cj coincides with a branch of the complex 
logarithm on C/ and is therefore holomorphic on C/ \ (—oo,0]. Thus, logs is left and right 
slice hyperholomorphic on El \ (—oo, 0]. 


Remark 2.44. Observe that there exist other definitions of the quaternionic logarithm in 
the literature. In [37], the logarithm of a quaternion is for instance defined as 

{ In jsj + Ij; (arccos + 2kTr ) , jsj / 0 or jsj = 0, sq > 0 

In jsj + ejvr, jsj = 0, sq < 0 

where k £ Z and is one of the generating units of El. This logarithm is however not 
continuous at the real line (and therefore in particular not slice hyperholomorphic at the 
real line) unless k = 0. But in this case this dehnition of the logarithm coincides with the 
one given in (2.15). Indeed, the identity principle implies that (2.15) defines the maximal 
slice hyperholomorphic extension of the natural logarithm on (0, +oo) to a subset of the 
quaternions. 


We dehne fractional powers of a quaternion for a G M as 

ga galog. ^ ga(ln|.|+/,arccos(so/ld))^ SGe\(-OO,0]. (2.16) 

This function is obviously also left and right slice hyperholomorphic on H \ (—oo, Oj. 

Definition 2.45 (Argument function). Let p G El \ {0}. We define arg(p) as the unique 
number 6 G [0,7r] such that p = \p\e^^p. 

Again 6 = arg(s) does not depend on the choice of if s G M \ {0} since p = \p\e^^ for any 
/ G S if p > 0 and p = \p\e'^^ for any / G S if p < 0. 


3. Remarks on the Slice-Hyperholomorphicity of the S'-resolvents 

In this section we hrst give a precise proof for the slice hyperholomorphicity of the S'-resolvents 
and then we consider the question whether the S-resolvents could have slice-hyperholomorphic 
continuations to sets larger than the S-resolvent set of the respective operator. We start with 
a new series expansion for the pseudo-resolvent Qs{T)~^. An heuristic approach to find this 
expansion is to consider the immediate equation 

QsiT)-^ - Qp{T)-^ = Qs{T)-\QpiT) - Qs{T))Qp{T)-^ (3.1) 

and transform it to 

Qs{T)-^ = QpiT)-^ + Qs{T)-HQp{T) - Qs{T))Qp{T)-\ 

Recursive application of this equation then yields the series expansion proved in the following 
lemma. 


Lemma 3.1. Let T G K,{V) and p G ps{T) o.nd let s £M. If the series 


- 1-00 


J{s) = J2{Qp{T) - Qs{T)r Qp{Ty 


n=0 


(n-l-l) 


(3.2) 
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converges absolutely in BiV), then s € Ps{T) and its sum is the inverse of Qs{T). 

The series converges in particular uniformly on any of the closed axially symmetric neigh¬ 
borhoods 

Ce{p) = {s e H ; ds{s,p) < e} 

of p with 

ds{s,p) = max{2|so -po|, ||pP - |'Sp|} 


||rQp(T)-i|| + ||Qp(r)-i||- 

Proof. Let us first consider the question of convergence of the series. The sets Cs{p) are 
obviously axially symmetric: if sj belongs to the sphere [s] associated to s, then sq = Re(s) = 
Re(s 7 ) and |sp = |s/p. Thus ds{sj,p) = ds{s,p) and in turn s € Cs{p) if and only if 
sj e C'e(p)- Moreover, since the map s eA ds{s,p) is continuous, the sets C4(p) := {s G El : 
dsis,p) < e} are open in H. Since Ue{p) C C^{p), the sets Cs are actually neighborhoods 
of p. 

In order to simplify the notation, we set 

^{P, s) := Qp{T) - Qs{T) = 2 {so - Po)T + {\p\^ - \s\^)I. 

Since Qp{T)~^ maps V to T>(T^) and T){p, s) commutes with Qp{T)~^ on T>(T^), we have for 
any s G Ce{p) 

+00 

^\\T)ip,srQpiT)-^^+^^\ 

n=0 

+00 

= J]||(D(p,s)Qp(r)-i)"Qp(r)-i|| 

+ 00 

<j;||D(p,s)Qp(T)-if ||Qp(r)-i||. 

n=0 

We further have 


||2:)(p,s)Qp(R)"^|| <2|so - Pol ||TQp(T)-i|| + ||p|2 - |s|2| ||Qp(T)-i 
<d5(5,p)(||rQp(r)-i + ||Qp(T)-l) 
<e{\\TQp{T)-^\\ + \\Qp{T)-^\\) =: q. 

If now e < 1/ (||T'Qp(T)~^II + ||2p(^)~^||)> then 0 < g < 1 and thus 


H-oo 

j 2 \\mp,srQpiT) 


n=0 


(n+l) 


+ 00 




n=0 


and the series converges uniformly in B(y) on Cc{p). 







FRACTIONAL POWERS OF QUATERNIONIC OPERATORS 


19 


Now assume that the series (3.2) converges and observe that Qs{T), Qp{T) and Qp{T) ^ 
commute on V{T‘^) and hence we have for v G 'D{T‘^) that 

+ 00 

J{s)Qs{T)v = Y,^{P.sTQpiT)-^"^^^Qs{T)v 
n=0 
+00 

= D(p, s)-Qp(r)-(-+i) [-D(p, s) + Qp{T)] V 
n=0 
+00 

= -^D(p,s)"+iQp(T)-(-+i)u 

n=0 

+00 

+ Y,^{p,sTQp{T)-^v = v. 

n=0 


On the other hand vjy := J2n=o^(P’ 0+^)v belongs to V{T‘^) for any v £V and 

we have 

N 

Qs{T)vn =(-D(p,s) + Qp{T))J2^{p,srQp{T)-(^+^K 

n=0 

N N 

= -Y,^{p,sr+^Qp{T)-(^+%+j2^{p,srQpiT)-^v 

n=0 n=0 

= - D(p, s)^+iQp(r)-(^+i)n + V. 

Now observe that Tl(j>, s) = 2(so — Po)T + (|pp — |sp)X is defined on P(T) and maps P(T^) 
to 'D{T). Hence 'S{p, s)^Qp{T)~^ belongs to B{V) and for > 1 

|-D(p,s)^+^Qp(r)-(^+i)n| 

= \\-^{p,s)^-^Qp{T)-^Sip,s)^QpiT)-^v\\ 

because the series (3.2) converges in I3{V) by assumption. Thus Qs(T)vn —>■ v and vjy —>• 
Voa ■= J{s)v as —)• 00 . Since Qs{T) is closed, we obtain that J{s)v G P(Qs(T)) = P(T^) 
and Qs{T)J{s)v = v. Hence, J{s) = Qs{T)~^ and in turn s G ps{T)- 

□ 

Lemma 3.2. Let T G }C{V). The functions s Qs{T)~^ and s —)• TQs{T)~^, which are 
defined on ps{T) and take values in B{V), are continuous. 

Proof. Let p G ps{T). Then Qs{T)~^ can be represented by the series (3.2), which converges 
uniformly on a neighborhood of p. Hence, we have 

+ 00 

hm Q,(T)~i = V hm (2(so - Po)T + {\p\^ - Isp) X)" Qp(r)-(-+i) = QpiT)-\ 

S^P ^^ S^p ^ ^ / / r 

n=0 
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because each term in the sum is a polynomial in sq and si with coefficients in B{V) and thus 
continuous. Indeed 


{(so - p„)T + (If-I" - |s|") I)” 

= E {t) (>» - P")* (IpI" - 1 * 1 ")r‘Qp(T)-i”+i) 

and r'=Qp(T)-('^+i) e I3{V) because Qp(T)-(’"+i) maps V to p(r2(^+i)) and k < 2(n + 1). 
The function s >-)• TQs(T)~^ is continuous because (3.1) implies 

lim ||rQ,+;,(r)-i -rQ,(r)-^|| = lim jjTQ.+UTrHQsiT) - Qs+h(T))Qs(T)-^lj . 

h^O h-)-0 

Now observe that Qs(T)~^ maps V to V{T‘^) such that 

{Qs{T) - Qs+h{T))Qs{T)-^ = (2/ior+ (|s|2 - \s + h\^)Z)Qs{T)-^ 

in turn maps Fto ViT). Since T and Qs_|_/i(T)“^ commute on ViT) we thus have 

iim||rQ,+;,(r)-i-rQ,(r)-i|| 

= hm ||Q.+/.(T)-i (2/ior2 + (|s|2 - |s + h|2) T) Qs{T)-^\\ 

< lim ||Q,+;,(r)-i|| lim {2ho ||r2Q,(r)-i || + (|sp - |s + h\^) ||rQ,(r)-i ||) 

h^O " ^ * II ^ II \ / II \| I I / II V / 11/ 

= 0 . 


□ 


Lemma 3.3. Let T G ICiV) and s G Ps{T)- The pseudo resolvent Qs{T) ^ is continuously 
real differentiable with 

■^Qs{T)-^ = {2T - 2 soT)Qs{T)-^ and -^Qs{T)-^ = -2siQs{T)-f 

uSq uSi 

Proof. Let us first compute the partial derivative of Qs{T)~^ with respect to the real part 
Sq. Applying equation (3.1), we have 


A 

dsr 


QsiT) 


-1 


= lim iQ,+o(T)-> {Q,(T) - Q,+h(T)) Q,{r)-‘ 

R3h^0 h 

= lim Qs+h{T)-^ {2T - 2soI - hi) Qs{T)-\ 


where lim]R 3 /i_>.o /(h) denotes the limit of a function f as h tends to 0 in M. Since the 
composition and the multiplication with scalars are continuous operations on 13(V), we further 
have 

■^QsiT)-^= lim Qs+h{T)-^ lim {{2T - 2soI)Qs{T)-^ - hQs{T)-^) 
dso Ks/i-i-o ^ / 

= Qs{T)-\2T - 2 sqX)Qs{T)-^ = (2T - 2soI)Qs{T)-^ 


where the last equation holds true because Qs{T)~^ maps V to V{T‘^) C P(T) and T and 
Qs{T)~^ commute on T>{T). Observe that the partial derivative ■^Qs(T)~^ is even contin¬ 
uous because it is the sum and product of continuous functions by Lemma 3.2. 
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If we write s = sq + Is^i, then we can argue in a similar way to show that the derivative of 
Qs{T)~^ with respect to si is 


d 

dsi 


1 


= {Q.{T) - Q,+U.(T)) Q.{T) 


-1 


= „lim {- 2 si - h) Qs{T) 

MSh —>-0 


-1 


= lim Qs+hh {T) 

R9/i^0 ^ ^ ^ 


-1 


lim (- 2 siQ,(T)-i-hQ,(r)-i) 
RSh-i^O ^ ^ ' J 


= -2siQs{T) 


-2 


Again this derivative is continuous as the product of two continuous functions by Lemma 3.2. 
Finally, we easily obtain that Qs{T)~^ is continuously real differentiable from the fact that 
Qs{T)~^ is continuously differentiable in the variables sq and si: if s = then 

the partial derivative with respect to corresponds to the partial derivative with respect to 
So and thus exists and is continuous. The partial derivative with respect to for 1 < i < 3 
on the other hand exists and is continuous for si 7 ^ 0 because Qs(r)“^ can be considered as 
the composition of the continuously differentiable functions s i-A si and si —>• Qso+/,,si (r)-b 
For Si = 0 (that is for s € M), we can simply choose Is = and then the partial derivative 
with respect to corresponds to the partial derivative with respect to si. 

□ 

Lemma 3.4. Let T G }C{V) and s G ps{T). The function s i-A TQs{T)~^ is continuously 
real differentiable with 


d 


i-TQs{T)-^ = (2r" - 2soT)Qs{T)-'^ and ^TQs{T)-^ = -2siTQs{T) 


\-2 


d 




\-2 


9s( 


9si^ 


Proof. If limRg/j^o /(^) denotes again the limit of a function f as h tends to 0 in 
obtain from (3.1) that 


then we 


ArQ,(r)-i= hm hTQs+h{T)-^-TQsiT)-^) 

OSo Rs/i-i-o h ^ TV/ V / / 

= hm lrQ,+,(r)-i {Qs{T) - Qs+h{T)) Qs{T)-^ 

RBh^O h 


1 


= lim -TQs+h{T)-^ { 2 hT- 2 hsoT-h^T)Qs{T) 


-1 


mb/i—>-0 h 

= lim Qs+h{T) 
R9/i-)-0 


-1 


{ 2 T^ - 2 soT - hT) Qs(T) 


-1 


because (2/iT — 2 hsQl — hfX) Qs{T) ^ maps V to P(T) and T and Q s+h{T) ^ commute on 
T>{T). Since the composition and the multiplication with scalars are continuous operations 
on the space B(V) and since the pseudo-resolvent is continuous by Lemma 3.2, we get 


-^TQs(T)-^= hm Qs+h{T) 
OSq R9/i-)-0 


-1 


hm ((2r2 - 2sor) Qs{T)-^ - hTQs{T)-^) 


= Qs{T)-^{ 2 T^ - 2 soT)Qs{T)-^ = { 2 soT - 2 T^)Qs{T) 


\-2 


This function is continuous because we can write it as the product of functions that are 
continuous by Lemma 3.2. 


22 


F. COLOMBO AND J. GANTNER 


The derivative with respect to si can be computed using similar arguments via 

= hm (Q,(r) - Qs+hiAT)) Qs{T)-^ 

RBh^O n 

= -2sirQ,(T)-^. 


Also this derivative is continuous because it can be written in the form « rQ,(T)-‘ = 
— 2si (TQs(T) Qs{T) ^ as the product of functions that are continuous by Lemma 3.2. 

Finally, we see as in the proof of Lemma 3.3 that TQs{T)~^ is continuously differentiable 
in the four real coordinates by considering it as the composition of the two continuously 
real differentiable functions s i-A (so,si) and (so,si) eA TQsg+isi{T)~^ resp. by choosing Ig 
appropriately if s G M. 

□ 


Corollary 3.5. Let T G IC{V) and s G ps{T)- The left and the right S-resolvent are real 
continuously differentiable. 

Proof. The S-resolvents are sums of functions that are continuously real differentiable by 
Lemma 3.3 and Lemma 3.4 and hence continuously real differentiable themselves. 

□ 


Let us now give the proof of Lemma 2.32: the left S'-resolvent is right slice hyperholomorphic 
and the right S'-resolvent is left slice hyperholomorphic in the scalar variable on ps{T). 


Proof of Lemma 2.32. We consider only the case of the left S'-resolvent, the other one works 
with analogous arguments. Applying Lemma 3.3 and Lemma 3.4, we have 

.^Sl\s,T) =-^Q,{Tr^-s-^TQg{T)-^ 

OS{) OS{) OSf) 

=(2T - 2sqZ)Qs{T)-H + Qs{T)-^ - {2T^ - 2 soT) Qs{T)-^ 

={2T - 2soI)QsiTr^s + (-T^ + lspX) Qg{T)-f 

Since sq and |sp are real, we can commute them with Qs(T)“^ and by applying the identities 
2so = s -|-s and |sp = ss we obtain 

-^Sf\s,T) = -T^QsiT)-^ + 2TQs{T)-^s - Qs{T)-^s^. 

OSo 

For the partial derivative with respect to si, we obtain 

= - 2siQs{T)-^s - QsiT)-^Lg + 2siTQ,(T)-2 
= - 2siQs{T)-^s - {T^ - 2soT + \s\^I)Qs{T)-^Lg + 2.siTQg{T)-f 
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We can now commute 2so, 2si and |sp with Qs{T) ^ because they are real. By exploiting 
the identities 2so = s + s, —2si = (s — s)Is and |sp = ss, we obtain 

= {-T^Qs{T)-^ + 2TQs{Trh - Qs{T)-\T)s^) Is 

Hence, s i-A 5^^(s,T) is right slice hyperholomorphic as 

□ 


In the sequel we will need the fact that the S'-resolvent set is the maximal domain of slice 
hyperholomorphicity of the S'-resolvents such that they do not have a slice hyperholomorphic 
continuation. In the complex case this is guaranteed by the well-known estimate 


\mz,A)\\ > 


1 

dist(z, cr{A)) ’ 


(3.3) 


where R{z, A) denotes the resolvent and cr{A) the spectrum of the complex linear operator A. 
This estimate assures that ||i?(z, H)|| —)• -|-oo as z approaches (j{A) and in turn that the 
resolvent does not have any holomorphic continuation to a larger domain. 

In the quaternionic setting, an estimate similar to (3.3) cannot hold true: consider A = 
Ao + I\Xi with Ai > 0 and I G § and the operator T = XI acting on some two-sided Banach 
space V. Its jS-spectrum crs{T) coincides with the sphere [A] associated to A and its left 
(S'-resolvent is 

Sl\s,T) = (A2-2soA + |s|2)-1(s-A)X. 

If s G C/^, then A and s commute and the left 5-resolvent reduces to 5^^(s, T) = {s — X)~^I 
with ||5^^(s,r)|| = l/|s — A|. Thus, if s tends to A in then dist(s, erg(T)) —)• 0 because 
A G crsiT) but at the same time ||5^^(s,T)|| —)• 1/|A — A| = l/(2Ai) < -|-oo. 

Nevertheless, although (3.3) does not have a counterpart in the quaternionic setting, we can 
show that, under suitable assumptions, the norms of the 5-resolvents explode near the 5- 
spectrum. As it happens often in quaternionic operator theory, this requires that we work 
with spectral spheres of associated quaternions instead of single spectral values. 


Lemma 3.6. Let T G IC{V) and s G ps{T)- Then 

||Q,(r)-i + \\TQs{T)-^ > ^ (3.4) 

ds{s,as{T)) 

where ds{s,as(T)) = ini^ds{s,p) and ds{s,p) is defined as in the Lemma 3.1. 

Proof. Set Cs := ||Qs(r)“i||-h||rQs(T)"^||. Ifds(s,p) < l/C^, thenp G/95(T) by Lemma 3.1. 
Thus, ds{s,p) > l/Cg for any p G as{T). Taking the infimum over all p G as{T), this 
inequality still holds true such that we obtain ds{s,o's{T)) > IfCs, which is equivalent 
to (3.4). 

□ 


Lemma 3.7. Let T G }C{V) and s G ps{T). Then 

\/2||Qs(r)-i|| < 2^)11 + 

and in turn 

V\\Qs{T)-^ < V2 sup 115^1(^1,r)|| ■ 
Analogous estimates hold for the right S-resolvent operator. 
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Proof. Observe that Qs(T) ^ = Qs{T) ^ for s € ps(T). Hence, because 2so = s + s, we have 
Sl\s, T)Sf^ {s, T) + Sl\s, T)Sl^ (s, T) 

= {Qs{T)-H - TQs{T)-^) {Qs{T)-H - TQs{T)-^) 

+ {Qs{T)-^s-TQ,{T)-^) {QsiT)-h-TQsiT)-^) 

= {Qs{T)-^s - TQ,{T)-^) 2 {sol - T) Qs{T)-^ 

and similarly 

Sl\-s,T)Sl\s,T) + Sl\^,T)Sl\s,T) 

= {Qs{T)-^s - TQs{T)-^) 2 {soX - T) Qs{T)-\ 

Therefore 

Sl\s,T)Sl\s,T) + Sl\s,T)Sl\-s,T) 

+ Sl\s, T)Sl\s, T) + Sl\s, T)Sl\s, T) 

= {Qs{T)-^s - TQs{T)-^) 2 {soX - T) Qs{T)-^ 

+ {Qs{T)-h - TQs{T)-^) 2 {soX - T) Qs{T)-^ 

=2 {soX - T) Qs{T)-^2 {soX - T) Qs{T)-^ 

=4(T2 - 2soT + slX)Qs{T)-^ = AQ,{T)-^ - As{Qs{T)-\ 
which can be rewritten as 

AQs{T)-^=Sl\s,T)Sl\s,T) + Sl\s,T)Sl\-s,T) 

+ Sl\s,T)Sl\s,T) + Sl\s,T)Sl\s,T) + AslQs{T)-\ 

Thus, we can estimate 

4||e4r)-'|| = ||Si‘(s,r)|| ||Si‘(»,T)|| + ||Si'(».r)|| ||S4"(».r)|| 

+ ll■s^‘ftr)|| ||Si'(s,T)|| + IlSi'p.Oll ||Si>(s,r)|| +4 ||»;q,(t)- 1 
= (||Si‘(».r)|| + ||Si‘(s,r)||)" + || 2 »,Q,(T)-'|| || 2 siQ,(r)-‘||. ( 3 . 5 ) 

Finally observe that 

2Qs{T)-hih =TQs{T)-^ - Qs{T)-\so - hsi) 

- (TQ,(T)-i - Qs{T)-\so + IsSi)) = Sl\s,T) - Sj:\s,T) 

such that 

||2siQ.(r)-i|| = ||2Q,(r)-isiI.|| < ||5^'(^,r)|| + 2^)11 • 

Combining this estimate with (3.5), we finally obtain 

2 ||C.{r)-i < (||S4'(s,r)|| + IISi'p.Dll)" 

and hence the statement for the left S'-resolvent operator. The estimates for the right S- 
resolvent operator can be shown with similar computations. 

□ 

Lemma 3.8. Let T S IC{V). If (sn)neN is a bounded sequence in ps{T) with 

lim dist{sn,crs{T)) = 0, 

n—^oo 


lim sup ||S'j^^(s,T)|| =+00 and lim sup ||S'j:j^(s,T)|| =+00. 


then 


FRACTIONAL POWERS OF QUATERNIONIC OPERATORS 


25 


Proof. First of all observe that dist(s„, cr 5 (r)) —0 if and only if ds{sn,crsiT)) —>• 0 because 
crs{T) is axially symmetric. Indeed, for any n G N there exits pn G crsiT) such that 

|sn -Pn\ < dist (Sn, 0'S(r)) + 1/n. 

If dist(sn, (Ts(T)) —)• 0, then |s„ — Pn\ 0 and hence — Pnft\ —^ 0. Since the sequence Sn 
is bounded, the sequence pn is bounded too and we also have 

11 'SnI \Pn\ I ^ I Sn \ \ Sn Pn\ P \ Sn Pn| |Pn | ^ 0 

and in turn 

0 < ds{Sn, crsiT)) < dsiSn,Pn) = max{|Sn ,0 -Pnfll, IlSriP “ \Pn?\] -^ 0. 

If on the other hand dsisn, crsiT)) tends to zero, then there exists a sequence Pn G crsiT) 
such that 

dsiSn,Pn) < dsiSn,(TsiT)) + l/u 

and in turn dsisn,Pn) 0. Since crsiT) is axially symmetric and disn,Pn,i) = disn,Pn) for 
any pnj G \pn] , we can moreover assume that Ip^ = ■ Then 

0 ^ |'Sn,0 Pn,o| — dsiSnjPn) ^ O' 

Since Sn and in turn also pn are bounded, this implies Is^Q — Pnol 0, from which we deduce 

that also | ^ | —)• 0 because 

0 < 14,0 -Pn,0 + 4,1 -Pn,l| = H'Snl^ “ \Pn\‘^\ < dsiSn,Pn) ^ 0. 

Since Sri,i + 0 and pn,i > 0, we conclude Sn,i — Pn,i —^ 0 and, since Ig = Ip, also 

0 < dist(Sn, crsiT)) < \Sn - Pn\ = \J (sn,0 “ Pn,o)^ + (Sn,l “ Pn,l)‘^ ^ 0. 

Now assume that Sn G psiT) with dist(s„, cJ 5 (r)) —)■ 0. By the above considerations and 
(3.4), we have 

||Q,„(r)-4 + \\TQg^iT)-^\\ ^ +00. (3.6) 

We show now that every subsequence (sns,)fceN has a subsequence (snj,.)jeN such that 

lim sup ||57^(s, r)|| =+ 00 , (3.7) 

i^+oo,g[ ] 

Kj 

which implies lim„_^+oo sup^gj^^j ||5'^^(s,T)|| = +oo. We thus consider an arbitrary subse¬ 
quence (sni,)fceN of (sn)nGN' If + has a subsequence (sni,.)jgN such that (r)|| —)• +oo, 

j kj 

then Lemma 3.7 implies (3.7). Otherwise ||Qs„. (T)“^|| < C for some constant C > 0 and we 

deduce from (3.6) that ||rC,., (r)-i|| ^ +oo. Observe that 

rQ..jr)-‘ = - \s-p{-w;r„T) + 

from which we obtain the estimate 



< sup 

SG[Snj,] 

11‘^L ^)|| + 

Qsn.iT)-^ 


< sup 

\\Sj:\.Sn„T)\\+CM 





with M = sup^gi^ |sn| < + 00 . Since the left-hand side tends to infinity as A: —>■ -|-oo, we 
obtain that also sup^gjj,^^] ||iS'^^(s,ij,,T)|| —)• -|-oo and thus the statement holds true. The 
case of the right S'-resolvent can be shown with analogous arguments. 
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Definition 3.9. Let f be a left (or right) slice hyperholomorphic function defined on an 
axially symmetric open set U. A left (or right) slice hyperholomorphic function g defined on 
an axially symmetric open set U' with U 'LU' is called a slice hyperholomorphic continuation 
of f if f{s) = g{s) for all s G U. It is called nontrivial if V = U' \U cannot he separated 
from U, i.e. if U' ^ U U V for some open set V with V nU = tj). 


Theorem 3.10. Let T G }C{V). There does not exist any nontrivial slice hyperholomorphic 
continuation of the left or of the right S-resolvent operator. 


Proof. Assume that there exists a nontrivial extension / of Sf^{s, T) to an axially symmetric 
open set U with ps{T) C U. Then there exists a point s G U (1 dps{T) and a sequence 
Sn £ Ps{T) with lim„^+oo Sn = s such that 

||‘S'ZH'Sn,r)|| = liin ||/(sn)|| = ||/(s)|| < + 00 . 

n—>-+oo " " n—>-+oo 

Moreover, also ^ s as n —>■ +oo and in turn 

||‘S'Ln^;^)|| = lim ll/(^)ll = ll/(«)ll <+00- 

n—>-+00 " " 77,_)._j_co 


From the representation formula, Theorem 2.20, we then deduce 


lim sup 


s 


n^+oo' 


5^'(s„,r)|| + ||5^\^,r)|| <+00. 


On the other hand the sequence Sn is bounded and dist(sn; o's{T)) < |s„ —s| —)• 0. Lemma 3.8 
therefore implies lim„_>.+oosup^gj^^j ||S'^^(s,T)|| = +oo, which is a contradiction. Thus, the 
analytic continuation (/, U) cannot exist. 

For the right S'-resolvent, we argue analogously. 


□ 


Remark 3.11. We suspected that it might be possible to improve the above results by finding 
an estimate of the form (3.3) for the pseudo-resolvent Qs{T)~^ instead of the S-resolvents. 
In this case Lemma 3.7 would yield an estimate of the form (3.3) for the norm of the S- 
resolvents on an entire sphere instead of a single point. This is however not possible as the 
following example shows: consider the space .^^(N) of H-valued p-summable sequences with 
p G [1, -|-oo). Any sequence (An)nGN with An G IH does obviously define a right linear, densely 
defined and closed operator on .^^(N) via T(a) = (Anan)ngN for a = (on)nGN- If (An)nGN is 
unbounded, then T is unbounded. Otherwise ||T|| = sup^gjiij | An| = || (An)nGN||oo- Indeed, 


lin«)llp= 

V riGN 


oo p 'y ^ — II (An)nGN ||oo II® I 

V n 6 N 


such that ||T|| < ||(An)nGN||oo and, with Cm = {dm,n)neN where 5m,n is the Kronecker delta, 
on the other hand 

||A„.|| = J^|An.5„,,n||P = ||r(e„,)|| < ||r|| 

Y neN 

for any m G N such that also || (An)nGNlloo < ||il"||- The S'-spectrum of T is 


^s{T) = U [An] (3.8) 

nSN 

as one can see easily: any An is a right eigenvalue since for instance T{en) = CnAn and hence 
the relation D in (3.8) holds true by Theorem 2.31, the axial symmetry and the closedness of 
the (S'-spectrum. If on the other hand s does not belong to the right hand side of (3.8), then 
5s = infneNdist(s, [An]) = infneN - An| > 0, where sj^^ = sq -h I\„si. As 

Qs(T)(a) = ((An — Sj^^){Xn — Sl^^)an) 
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and in turn 

QsiT) (a) = ((An — S/a„) ('^n ~ ) 

we have ||Qs(r)“^|| < 1/S^ < +oo such that s G Ps(T)- Thus, the relation C in (3.8) also 
holds true. 

Now choose a sequence (An)neN such that An,i —)• +oo as n —)• +oo and consider the respective 
operator T on ^^(N). For simplicity, consider for instance An = In with J G S. By the 
above considerations, the sequence sn = I(II + 1/A^) with N = 2,3,... does then satisfy 
dist(sAr, as(T)) 0 as N ^ +oo and 


Qst,(T) ^11= sup 


1 


1 


1 


nCN |An — SaIIAh — SatI | Aat — Sat11Aat — Sat| 2 + 


(3.9) 


W 


Indeed, if n < A^, then some simple computations show that the inequality 
1 _ 1 1 1 _ 1 

|An - SAr||A„ - s]vl N + ^-nn + N + jj I^A - saHAat - s]v| 

is equivalent to 0 < — n^, which is obviously true. Similarly, in the case n > N, the 

inequality 

1 _ 1 1 1 _ 1 

|An - s^llAn - s]v| n-A^-;^n + iV + ;^ 2 + IAat - satIIAat - Tvl 

is equivalent to 4 + l/N'^ < , which holds true since 2 < N < n. 

From (3.9), we see that ||Qs;v(^)~^ll — ^ although dist(S n, as(T)) —)• 0. Consequently, the 
pseudo-resolvent cannot satisfy an estimate that is analogue to (3.3). 

Also controlling the norm of TQs(T)~^ by the norm of Q<j(r)“^ in order to improve (3.4) is 
not possible: if we consider the operator TQsj^(T)~^ in the above example, then 


TQ,^{T)-\a) 



n 1 

-N-j^l(n + N + j^) 



nSN 


and 

/V^ 

||rQ,,(r)-i|| < ||TQ,,(r)-i(eA)|| = —^ ^ +oo 

ZiV -h ^ 

shows that ||TQsj^(T)“^|| tends to inhnity although ||Qsjv(T)~^|| stays bounded. 


4. Fractional Powers of an Operator 

In the following we assume that T is a closed quaternionic right linear operator such that 
(—00,0] C ps(T) and such that there exists a positive constant M > 0 such that 

||5'K^(s,r)|| < for s G (-00,0]. (4.1) 

Definition 4.1. For a G M and 6 G (0,7r) we denote by T,{9,a) the open sector 

S(0, a) := {s G El : arg(s — a) > 6} 
and by T,(9,a) the closed sector 

T,(9,a) := {s G H : arg(s — a) > 9}. 

Lemma 4.2. There exist constants oq > 0 and 9o G (0, vr) and Mn > 0,re G N, such that the 
closed sector S(0o,ao) is contained in ps(T) and such that, for n G N, 

Mn 


l|5R"(^,r)ll < 


(l + |s|)« 


for s G S(6»o,ao) 


(4.2) 
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and 




Mn 

(l + |s|)" 


for s G S(6»o,ao). 


Proof. By Lemma 2.43, we have 

d^sSR\s,T) = for A: G N. 


(4.3) 


(4.4) 


Hence, by Lemma 2.32 and Corollary 2.23, the map s e-)• Sff^{s,T) is a left slice hyperholo- 
morphic function on psiT) with values in B{V) for any n G N. From the identity (4.4) we 
deduce 


4Sh'‘(s,T) = 4+” 


-i(-l) 


n—1 


Sr\s,T) = 


(re - 1)! 


(-l)^(fc + ra- 1)! ^-(k+n) 


(re — 1)! 


R 


\s,T). 


When we apply Theorem 2.24 in order to expand S'^"'(s,T) into a Taylor series at a real 
point a G ps{T), we therefore get 


+ 00 


Sh"(o, r) = E - “>‘31 V(“. T) 


k=0 
+ 00 






k=0 
+ 00 


(re — 1)! 


R 


\a,T) 


(4.5) 


g(-l)^(" + ^-')(s-a)^5-(-+^)(a,r) 


on any ball B{r,a) contained in ps{T). Since a is real, Sjf^{a,T) = (5j:j^(a,T))” and thus 
||5^"'(a,T)|| < ||5 ^^(q;,T)||”. The ratio test and the estimate (4.1) therefore imply that 
this series converges on the ball with radius (1 + \a\)/M centered at a for a G (—oo,0]. In 
particular, considering the case re = 1, we deduce from Theorem 3.10 that any such ball is 
contained in ps(T). Otherwise the above series would give a nontrivial slice hyperholomorphic 
continuation of Sf^^{s,T). 

Set ao = min{^,l|. Then the closed ball H(oo,0) is contained in ps{T) and for any 
s G B{ao,0), we have the estimate 


k=0 ^ ^ 

< /re + - 1\ 1 n^n+fc (^ + 

k y(4M)fc (l + |s|)^+^ 

^ /n + k-l\ 1 

~ (l + |s|)”^ V k )¥ 

~ (l + |s|)-’ 


where the last equation follows from the Taylor series expansion (I — z) "■ = YlT=o 
for \z\ < 1. 

Now set (/9 = TT — arctan(^) and consider the sector S(</?, 0) = {s G HI : arg(s) > ip}. For 
any s = SQ + IgSi G ^{p, 0), we have 0 < si < |so|/(2M) and from the power series expansion 
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(4.5) of S^^{s,T) at sq, we obtain 

OO 

IIV(oT)||<E 


k=0 

OO 

sE 

fc =0 


< 


+ k — 1\ / \so\\^ / M 


n-\-k 


n 


k 


M 


1 + I'So I 


n OO 

E 

k=0 


\2M J Vl + |so 
n + k — l\ 1 


n-\-k 




Since |s| < |so| + |'Si| < (1 + 2i7)l'5o|5 we get 






1 + (1 + 23?) ^ I® 


Hence, the estimate 


with 




< 


2^ (l + |so|)"' 
(1 + w)"2"M- 

(i + i«ir ■ 


M„. 


(1 + |s|)” 


Mn 1 1 + 


2M / 




holds true on the entire set V = S((/?, 0) U B(ao,0). Now observe that the sector S(0o,oo) 
with 

/ ao sin </? 

c>o := arctan —-- 

\ao(-l + cosyj)^ 

is entirely contained in V and we obtain the statement for S^^(s,T). 

Since 5^^(s,T) = 5^^(s,T) for s G (—oo,0], the estimate (4.1) applies also to the left 
iS-resolvent. Thus we can use analogous arguments to prove (4.3). 

□ 


Definition 4.3. Let I G S and let S(0o,flo) the sector obtained from Lemma J^.2. Let 
6 G (00) t) and choose a piecewise smooth path T in (S(0O) ao) hi C/) \ (—oo, 0] that goes from 
ooe^^ to ooe~^^. For a > 0, we define 

T-^:=^l^s--dsiSf,\s,T). (4.6) 

Theorem 4.4. For any a > 0, the operator T~°‘ is bounded and independent of the choice 
o/I G S, of 6 G {Oo,tt) and of the concrete path T in Cj and therefore well-defined. 

Proof. The estimate (4.2) assures that the integral (4.6) exists and defines a bounded right- 
linear operator. Since s i-a is right slice hyperholomorphic and s e-)• Sfi^{s,T) is left slice 
hyperholomorphic, the independence of the choice of 9 and the independence of the choice of 
the path T in the complex plane C/ follow from Cauchy’s integral theorem for operator-valued 
slice hyperholomorphic functions, Theorem 2.26. 

In order to show that T““ is independent of the choice of the imaginary unit / G §, consider 
an arbitrary imaginary unit J G S with J / I. Let Oq < Og < Op < it and set Ug ■= 
]HI\ S(0s, 0) U B{ao/2, 0) and Up := EI\ S(0p, 0) U B^oq/S, 0). (The indices s and p are chosen 
in order to indicate the variable of integration over the boundary of the respective set in the 
following calculation.) Then Up and Ug are slice domains that contain (Js{T) and d{Ug nC/) 
and d{Up n Cj) are paths that are admissible in Definition 4.3. 
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Observe that s i-A is right slice hyperholomorphic on Up and that, by our choices of Up 
and Us, we have s £ Up for any s G d{Us H Cj). If we choose r > 0 large enough, then 
s £ Up n B{r, 0) and we obtain from Theorem 2.22 that 


= lim — 

r—>-oo 27r 




'a(c/pnB(r,o)nC/) 


p ^dpjSp^ {p,s) 


d{UpnCj) 


p °dpjSj^ {p,s), 


where the second equations holds since p “ —)• 0 uniformly as p —>• oo in f7p. For T “, we 
thus obtain 


T-- = ^ f s-^dsiS],\s,T) 

JdiUsnCi) 


1 


p-“dpj5h'(p,s) 1 dsiS],\s,T). 


- 1 / 


(2vr)2 


'd{UsnCi) \JdiUpnCj) 


(4.7) 


We now apply Fubini’s theorem. The estimate that justifies this is very technical and is there¬ 
fore moved to Appendix A at the end of the paper. By exchanging the order of integration, 
we get 


^ [ P dp J 

Jd^UpHCj) 


S],Hp,s)dsiS],\s,T) 


-1/ 


1 


Jd{UpnCj) 


2vr Ja[UsnCi) 
p~‘^ dpj S]^^{p,T), 


where the last equation follows as an application of the S'-functional calculus and Theo¬ 
rem 2.38 since 5j^^(p, oo) = lims_).oo 5'j^^(p, s) = 0. Hence, the operator T““ is also indepen¬ 
dent of the choice of the imaginary unit I £§. 


□ 


If a G N, then s “ is right slice hyperholomorphic at infinity. The following Corollary then 
immediately follows as an application of the S'-functional calculus and Theorem 2.38. 

Corollary 4.5. // a G N, then the operator T~°‘ defined in (4.6) coincides with the a-th 
inverse power of T. 

If we follow the arguments of the proof of Theorem 5.27 in [26, Chapter II], we obtain an 
integral representation of T”" that is almost identical to the one derived in [26] for the 
complex case: the only difference is the different constant in front of the integral. This is due 
to the different choice of the branch of the logarithm that is used in [26] in order to define 
the fractional powers. As pointed out in Remark 2.44 it is not possible to define different 
branches of the logarithm in a quaternionic slice hyperholomorphic setting. 

In Corollary 4.8 we however obtain an integral representation that is clearly different from 
any integral representation known from the classical complex setting. 


Theorem 4.6. Let n G N. For a £ (0, n -|- 1) with a ^ N, the operator T“ defined in (4.6) 
has the representation 


T"" = (-1) 


n-nsin(a7r) 


n\ 


vr 


(n — a) • • • (1 — a) 


r+oc 

/ (4.8) 

io 


Proof. Let oq and 6q be the constants obtained from Corollary 4.2. For a £ (0, oq) and 
9 £ ( 6 * 0 , vr), we can choose 6 / = El\ S(0, o) and integrate over the boundary d{U n Cj) of U in 
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Cj for some / € S in the integral representation of T The boundary consists of the path 

7(t) = 


a — , t G (— 00 ,0] 

a + t G (0, 00 ) ’ 


and hence it is 


rp — OL _ 


^ J {a-te^% ,T)dt 

1 f +00 

+ — / {a + {a + te~^^,T) dt 

2^1 Jq 

T r+oo 

— / [a+ S^{a+ te^^,T) dt 

2t Jo 

j r+oo 

-/ (a + T) dt. 

2t Jq 


Integrating n times by parts yields 


p — CX. _ 


n\ 


r*+oo 


(a + (a + te^\T) dt 

/ (a + te-™r-“e-^^5-("+')(a + te-^^r)dt. 
(n - a) • • • (1 - a) 271 do 


{n — a) ■ ■ ■ {1 — a) 2 tt Jq 
nl I 


Because of the estimate (4.2), we can apply Lebesgue’s dominated convergence theorem with 
dominating function 


fit) = 


(7(1 + r-") if t < 1 
(7t-“-i if t > 1, 


where (7 > 0 is a sufficiently large constant. Taking the limit a —)• 0, we obtain 


p — Q. _ 


n 


(n — a) • • • (1 — a) 271 

n\ 


r+oo , , 

Jo 


J r+oo , , 

/ T) dt 

Jo 


{n — a) ■ ■ ■ {I — a) 271 
and then, taking the limit 0 —)• tt, we get 

d I f+°° 


(4.9) 


p — Oi _ _ 


+ 


ni 


(n — a) • • • (1 — a) 271 


r-"e^^("-“)5^(”+i)(-t,r) dt 


nl 


I 


(re — ce) • • • (1 — a) 271 


r+oo 

Jo 


=(-l) 


n+1 


Sin aTT 


nl 


TT (re — q;) • • • (1 — a) 


r+oo 

L ■ 




where the last equation follows from the identity —+ le = sin((re — Q:))7r = 

(_l)’T-+i sin(a7r). 

□ 


Corollary 4.7. For the identity operator Z, it is I " = X for a > 0. 
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Proof. If a £ N, this is follows immediately from Corollary 4.5. For a ^ N, consider n G N 
with a G (0,n + 1). Then, since S]^^{s,T) = {s — it is 


j--a 


. +i sin(a7r) _ n\ 

TT (n — a) • • • (1 



tn-a 

{-t - 1 )’^+! 


dtl 


sin(a 7 r) n! r+oo ^ 

^ (n - a) • • • (1 - a) /o (t + l)^+i 


By [36, 3.194], we have 


i 


+00 


0 it + 1 )”+^ 


dt = B{n — a + 1, a) = 


(n — a) • • • (1 — Of) vr 


n\ 


sm vra 


where B[x, y) denotes the Beta function, and hence X " = X. 


(4.10) 


□ 


Corollary 4.8. Let a G (0,1). Then 

sin(a'7r) 


rjn — OL _ _ 


TT Jo 


f 


t-^S]^\-t,T) dt. 


(4.11) 


Corollary 4.9. For a G (0,n + 1), the operators T " are uniformly bounded by the constant 
Mn+i obtained from Lemma 4-^- 


Proof. Prom (4.8), Lemma 4.2 and (4.10), we obtain the estimate 


ir""ii < 


sin(a7r) n! 

TT (n — a) • • • (1 — a) 


r+oo 

I ■ 


M, 


n+l 


(1 + t)«+i 


dt = Mn+l. 


□ 


Corollary 4.10. Assume that crsiT) C {s G HI : Re(s) > 0} and that 9 q in Lemma 4-^ can 
be chosen lower or equal to tx j2. For a G (0,1), then 


1 


TT 


aTT 


T-^ = - cos — T + sin — rX (T^ + dr. 


aTT 


Proof. By our assumptions, we can choose n = 0 and 9 = 'kI‘1 in (4.9). Since = / and 

_ r TT 

6 2 = —I we then have 


rp — OL _ 

Observe that 


X {It, T)dt-^ t-^e^^-S^\-It, T) 


dt. 


S^\±tI,T) = -{T±tII){T^ + f)-^ 


Thus, 


p — OL _ 


I 


f 


f-" (+ til) + e' ^^{T - til )) (T^ + t^)"^ dt. 


T Ot—J- rrr- , 

I —o—TT / 


n 2 , ^ 2 \-l 


Some easy simplifications show 

-e-^^'^{T + til) + - til) = -21 

and in turn 


cos 


avr 


„ , avr , ^ 

T + 2 sm ( ) tl 


p — OL _ 


1 r 

TT Jo 


t-°‘ COS 


avr 


' + sin tlj (T^ + t^) ^ dt. 


□ 
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Observe that s i-A is both right and left slice hyperholomorphic. Hence, we could also 
use the left S'-resolvent operator to define fractional powers of T. Indeed, this yields exactly 
the same operator. 


Proposition 4.11. Let a > 0 and let T be an admissible path as in Definition 4-3. The 
operator T““ satisfies 

= T) dsi (4.12) 

Proof. Computations analogue to those in the proof of Theorem 4.6 show that, for n € N 
and a G (0, n + 1) with a ^ N, one has 


^I^Sfi\s,T)dsi. 


=(-l) 


n+l 


sm avr 


n\ 


TT (n — a) • • • (1 — a) 


r+oo 

Jo 


■ dt. 


But for real t one has 5^ {—t, T) = {—t — T) ^ {—t, T), and in turn this integral equals 

,^sin(a7r) n! 


(-ir 


TT (n — a) • • • (1 — a) 


r-roo 

/ (-f, T) dt = T-“, 

Jo 


where the last equation follows from Theorem 4.6. 

If a G N, then this follows immediately from the S-functional 
because s~°‘ is left and right slice hyperholomorphic at inhnity. 


calculus and Theorem 2.38 

□ 


We recall the following lemma from [4, Lemma 3.23]. 

Lemma 4.12. Let B G B{V). Let G be a bounded axially symmetric s-domain and assume 
that f G Then, for p G G, we have 

7 ^ [ f{s)dsi{sB - Bp){p^ - 2 sqp + = Bf{p). 

Jd{GnCi) 

Theorem 4.13. The family {T~“}q,>o has the semigroup property J'~°‘T~^ = _ 

Proof. Choose Op and Og such that max{0O)T/2} < Op < Og < and Up and a* such that 
0 < Ug < Op < oq, where uq and Oq are the constants obtained from Lemma 4.2 and Up is 
sufficiently small such that C S(0o,ao)- Then the sets 

Gp = e\ (s(0p,O)u:b;)7o)) and Gg = M\UBZ^^ 


satisfy crs{T) C Gp and Gp C Gg and for / G § their boundaries d{Gp n Cj) and d{Gg C C/) 
are admissible paths as in Definition 4.3. The subscripts p and s refer again to the respective 
variables of integration in the following calculation. 

The 5-resolvent equation (2.10) and Proposition 4.11 imply 


rjn — arjn—^ _ 


(2vr)2 


/ dsj Sfi\s,T) / Sl\p,T) dpi p-P 

ld{GsnCi) Ja{GpnCi) 
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(2vr) 


hrL 


+ 


[ dsi 

[ Sp^{s,T)p{p‘^ 

IdiGsDCi) 

Jd{GpnCi) 

[ dsi 


IdiGsDCi) 

/a(GpnC/) 

[ dsi 

[ sSp\s,T){p^ 

IdiGsDCi) 

ld{GpnCi) 

[ dsi 

f sSf\p,T){p^ 

IdiGsDCi) 

ld{GpnCi) 


But since the functions p i—>• p{p^ — 2sop + \s\‘^)~^p~^ and p i—)■ — 2sop + \s\‘^)~^p~^ are 

holomorphic on an open set that contains Gp n C/ and since they tend uniformly to zeros as 
p —)• oo in Gp, Cauchy’s integral theorem implies 




/ s “ ds/ [ Sp^^{s,T)p{p‘^-2sop+\s\‘^) ^dpip ^ = 0 

[2'K) Jd{GsnCi) Jd{GpnCi) 


and 


It follows that 

rp — OL p — ^ 

1 


(2vr)2 

1 

+ /„ xo 


/ s-“ dsi 

/ sSp^{s,T){p‘^-2sop+\s\‘^) ^dpi p ^ 

d(GsnCj-) 

'd{GpnCi) 

[ dsi 

[ Sl^{p,T)p{p^ - 2sQp+\s\^)~^dpi 

Jd(GsnCi) 

Jd(GpnCi) 

[ s"“ dsi 

[ sSf^{p,T){p'^ - 2sop+\s\'^)~^dpi p~^ 

Jd{GsnCi) 

Jd{GpnCi) 


(4.13) 


Quite technical estimates, which can be found in Appendix B, justify the application of 
Fubini’s theorem in these integrals such that we can exchange the order of integration and 
obtain 

rp-a rp-p ^ \ _ f -a 1 

(2vr)2 7a(G.nCB 

• [ [sSl^{p,T) - Sj;^{p,T)p]{p^ -2soP+\s\'^)~^dpi p~^. 

Jd{GpnCi) 

Using Lemma 4.12 with B = Sj^^{p,T), we finally get 

1 f 


p—cx. p—^ _ 


27r 

1 


'd{GpnCi) 


SL^{p,T)dpi p p ^ 

si\p,T)dpi p-^-^ = r-“-^. 


□ 


Lemma 4.14. The semigroup (T °‘)a>o is strongly continuous. 

Proof. We first consider v G V{T). For a € (0,1), we have 

Sl^{t,T)v-Sp^{t,Z)v = Sp^{t,T)Sl^ {t,T)(Tv - Tv) if t G M. 
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Hence, we deduce from Corollary 4.8 that 


T-^v-T-^v = - 


sin(Q:7r) 

vr 

sin(a7r) 

vr 


f 




sin(a7r) 


TT 


f 


t °‘Sn^{ — t,I)vdt 


roo 

/ t-‘^S]^\t,T)S^\t,I){Tv-Iv)dt'^0 

Jo 


because sin(a7r) —)• 0 as a —)• 0 and the integral is uniformly bounded for a G [0,1/2] due 
to (4.1). Since = X by Corollary 4.7, we get T~'^v —)• u as a ^ 0 for any v G V{T). 

For arbitrary u G H and e > 0, there exists G V{T) with ||u — UgH < e because 'D{T) is 
dense in V. Corollary 4.9 therefore implies 

lim llTu — u|| < lim ||ru — T~^Ve\\ + \\T~°^Vs — u^ll + \\ve — u|| 
a—>-0 a—>-0 

< (Ml + l)||u - Uell 

< (Ml + l)e. 


Since e > 0 was arbitrary, we deduce that T “u —u as a —>■ 0 even for arbitrary v £ V. 
This is equivalent to the strong continuity of the semigroup {T~°^)a>o- 

□ 


Proposition 4.15. The operator T is injective for any a > 0. 

Proof. For a > 0 choose /3 > 0 with n = a + /3 G N. Then = T”" and in turn 

j'nj'-Pj'-a _ 2 ^ which implies the injectivity of T~°‘. 

□ 


The previous proposition allows us to define powers of T also for a > 0. 

Definition 4.16. For a > 0 we define the operator T“ as the inverse of the operator T~°‘, 
which is defined on P(T“) = ran(r“"). 

Corollary 4.17. Let a,/3 G M. Then the operators and T°'~^^ agree on V(T'^) with 

7 = max{a, (3,a + /?}. 

Proof. If a,/3 > 0 and v G V{T°‘'^) then, since = T~i^T~°‘ by Theorem 4.13, we 

have 

= T'^T^(T~^T~'^T°‘~^^)v = _ j''^+hy 

The other cases follow in a similar way. 

□ 


With these definitions it is possible to establish a theory of interpolation spaces for strongly 
continuous quaternionic semigroups analogue to the one for complex operator semigroups. 
Since the proofs follow the lines of this classical case, we only state the main result and refer 
to [26, Chapter II] for an overview on the theory. 

Definition 4.18. Let {lL{t))t>o he a strongly continuous semigroup with growth bound ujq < 0. 
For each a G (0,1] we define the Favard space 


with the norm 


The subspace 


Fa ^ V £ V : sup 
t>o 


\v\\f^ := sup 
t>o 


— (U(t)v-v) 


< oo 


:= ItIIfc := sup 
t>o 

of Fa is called the abstract Holder space of order a. 


(U{t)v — v) 


— {U{t)v-v) 
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Proposition 4.19. Let A be the generator of a strongly continuous semigroup {hl{t))t>Q with 
growth bound wq < 0 and let a,/3 £ (0,1) such that a > ft. Then 

-A P((-A)-“) -A 

where ^ denotes a continuous embedding. 

We point out that in contrast to the classical case discussed in [26] the interpolation spaces 
must be dehned using the powers of — ^ instead of A. This is due to the following fact: in 
the complex setting one may choose a branch of the function z that is dehned and 

holomorphic everywhere except for the positive real axis. Since the spectrum of the operator 
is then contained in the domain of holomorphicity of by assumption, one can use this 
branch to dehne fractional powers of the operator and in turn the interpolation spaces. In 
the quaternionic setting this is however not possible because the logarithm and in turn the 
fractional powers s i-A are single-valued. They are dehned and slice hyperholomorphic 
everywhere except for the negative real axis, which does not necessarily lie in ps{A) but in 
ps{—A) since Re(s) < rco < 0 for all s G as{T). 

5. Kato’s formula and the generation of analytic semigroups 

Kato showed in [44] that certain fractional powers of generators of analytic semigroups are 
again generators of analytic semigroups. Analogue results can be shown for quaternionic lin¬ 
ear operators, but therefore we need a modihed dehnition of fractional powers of an operator. 

Definition 5.1. A densely defined closed operator T is of type {M,uj) with M > 0 and 
uj G (0, tt) if 

(i) the open sector ll(a;,0) is contained in the S-resolvent set of T and ||s5^^(s,T)|| is 
uniformly bounded on any smaller sector S(0,O) with 6 G (w,7r) and 
(a) M is the uniform bound of t, T)|| on the negative real axis, that is 

\\tSfi^{t,T)\\ < M, /or t G (-00,0). (5.1) 

Note that this dehnition is different from the notion of sectorial operators used in [26]. More¬ 
over, note that if (5.1) holds true then, as in Lemma 4.2, the power series expansion of the 
right S-resolvent implies the existence of a sector S(0o,O) and a constant Mi > 0 such that 

||S^'(s,r)|| <Mi/|s| for sGS(0o,O). 

Hence, (5.1) is sufficient for T to be an operator of type (M, w) for some u G (0, vr). In 
particular any operator that satishes (4.1) is of type (M, w) with ui < 6 q, cf. Lemma 4.2. 

Proposition 5.2. Let T be of type (M, cj) with M > 0 and uj G (0, vr). Let 0 < a < 1 and 
let TT > (j)Q > max(a;7r,u;). The parameter integral 

Fa{p,T) = f t°‘{p"^ — 2pt°'cos{a7r) + t‘^°')~^Sfi^{—t, T) dt. (5.2) 

Jo 

defines a BiV)-valued function on S(i/o,0) in p that is left slice hyperholomorphic. 

Proof. For any compact subset K of S((/>o,0), we have min^gi^ arg(p) > ovr and thus there 
exists some 5k > ^ such that 

|p2 _ cos(a7r) +t^^\ = \p- \p - > 5k (5.3) 

for p £ K and t > 0. For the same reason, we can hnd a constant Ck > 0 such that 

sup — 2pt" cos(a7r) -|- ^ 

tG[0,+oo) 
p£K 


t2a ^ 


sup 

t6[0,+oo) 

peK 


— eL'^ 


_ g—IpaTT I 


<Ck 




FRACTIONAL POWERS OF QUATERNIONIC OPERATORS 


37 


and hence 

|p2 - 2pt^ cos(a7r) + ^ ^ ^ ^ ( 54 ) 

Now consider p S S((/>o,0) and let iiT be a compact neighborhood of p. The integral in (5.2) 
converges absolutely and hence defines a bounded operator; because of (5.1) and the above 
estimates, we have for s ^ K, and thus in particular for p itself, that 

r+oo 


l^a(5,r)|| < 


sin(a7r) 


/ 


< 


TT JO 
M sin(Q!7r) 


— 2st“ cos(a!7r) + t 


2a I -1 ^ 


t 


dt 


dt + 


M sin(a7r)Ci^ 


TT 


^+00 

A ' 


l — OL—I 


dt < + 00 . 


Using (5.3) and (5.4), one can derive analogous estimates for the partial derivatives of the 
integrand p 1 —)• t“(p^ — 2st“ cos(a7r) + t, T) with respect to po and pi. 

Since these estimates are uniform on the neighborhood K of p, we can exchange differentiation 
and integration in order to compute the partial derivatives ^F'aiP,T) and ^Fa{p,T) of 
Fa{-,T) at p. The integrand is however left slice hyperholomorphic and therefore also Fa{p, T) 
is left slice hyperholomorphic. 

□ 


Lemma 5.3. Let T he of type {M,uj) with M > 0, let 0 < a < 1 and ui G (0, tt) and assume 
that 0 G Ps{T)- Moreover, let 4 >q and Fa{p,T) be defined as in Proposition 5.2. If T is a 
piecewise smooth path that goes from ooe^^ to ooe~^^ in (S((Ao,0) H C/) \ (—oo,0] for some 
/ G S and some 6 G ((/>o,7r], then 

Fa{p, = ^ I dsi Sfi\s, T). (5.5) 

Proof. First of all observe that the function s 1 —)• Sfi^{p, s“) is the composition of the intrinsic 
function s 1 —^ s^^ defined on HI \ (—oo,0] and the right slice hyperholomorphic function s 1 —)• 
Sfi^(p, s) dehned on ]HI\ \p]. This composition is in particular well defined on all of ]HI\ (— 00 , 0], 
because s°‘ maps El \ (—oo,0] to the set {s G El : arg(s) < avr}, which is contained in the 
domain of definition of Sfi^{p, s") because arg(p) > (j)Q > air by assumption. By Corollary 2.2, 
the function s 1 —)• Sfi^{p,s°^) is therefore right slice hyperholomorphic on EI\ (—oo,0]. 

An estimate similar to the one in the proof of Proposition 5.2 moreover assures that the 
integral in (5.5) converges absolutely. It thus follows from Theorem 2.26 that the value of the 
integral in (5.5) is the same for any choice of T in (S((/)o, 0) H C/) \ (— 00 , 0] and any choice 
of 9. Let us denote the value of this integral by 3a{p,T). 

Since 0 G ps{T), the open ball B(e, 0) is contained in psiT) if e > 0 is small enough. For 
6 G {(fo, tt), we set U{e,6) = El \ (S(0,0) U B{e, 0)). Then 

Mp,T) = ^ [ Sfi\p,s^)dsiSfi\s,T). 

Jd{u{£,9)nCi) 

We assumed that 0 G ps(T), and hence the right 5-resolvent is bounded near 0, which allows 
us to take the limit e —)• 0. We obtain 

Up,T) [ Sfi\p,s'-)d.siSfi\s,T) 

271 J-d{T.{e, 0 )nCi) 

= - ^ (^’ {te^^T) dt 

+ ^ (p, t) dt 
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Jo cos(a0) + ^ (^p - (te^^ dt 

+ ^ JJ°° (p^ -2t“cos(a0) e-^\-I)S^^ dt. 

Again an estimate analogue to the one in the proof of Proposition 5.2 allows us to take the 
limit as 9 tends to vr and we obtain 

1 f+oo 

Za{p, T) = - — (p^ - 2t“ cos(a!7r) + (p - {te^'^,T) dt 

271" Jo 

1 /■+0O 

+ — / (p^ “ 2t" cos(a7r) + t^") (p — {—I)S]^ T) dt 

27r Jo 

= sin(a7r) f — 2pt°'cos{aTT) + t^°‘)~^S]^^{—t,T) dt = Fa{p,T). 

^ Jo 


□ 

Lemma 5.4. Let T 6e o/ type {M,uj) with M > 0 and oj € (0, tt). Let 0 < a < 1 and let (po 
and Fa{p,T) be defined as in Proposition 5.2. We have 

Fo,{p,T) - Fa{X,T) = {X-p,)Fa{p,T)Fo,{X,T) /or A, p G (-oo, 0]. (5.6) 

Proof. Assume first that 0 G ps{T). Any real A commutes with Sfi^{—t, T) and thus we have 

F^(A,r) = r S7i(-t,r)(A2-2At“cos(a7r) + t2“)-it“dt 

^ Jo 

because Sfi^{—t,T) = {—tl — T)~^ = {—t,T) as t is also real. Computations analogue to 

those in the proof of Lemma 5.3 show that LA(A, T) can thus be represented as 

Fa{X, T) = ^l^ Sfi\s, T) dsi SfiHX, s“), (5.7) 

where P is any path as in Lemma 5.3. 

Now let e > 0 such that i?(e, 0) C ps(P), choose L G S and set 


t/s := H \ 5](0s, 0) U i?(es, 0) and Lp := El \ S(0p, 0) U i?(ep, 0) 

with 0 < < ep < e and (po < Op < Og < vr. Then Up C Ug and P^ = d{Us n C/) and 
Pp = d{Up n C/) are paths as in Lemma 5.3. Moreover, since T is of type {M,io) with 
0 G ps{T), we can finde a constant C such that ||5j^^(s,T)|| < C/(l + |s|) for s G (—oo,0]. 
By Lemma 4.2 we may choose Ep, Eg, Op and Og such that 

ll'5i:Hp,r)ll<Y^’Perp (5.8) 

for some constant Mi > 0. Lemma 5.3 and (5.7) then imply 

F„(p,r)F„(A,r) = -^^ ^ Sfi\p,s^)dsi Sfi\s,T)Sl\p,T)dpi Sfi\X,p^). 
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Applying the S'-resolvent equation (2.10) yields 
F„(//,r)F„(A,r) 

= S]^^is,T)p{p‘^-2sop+\s\^)-^ dpi Sl^{X,p°‘) 

JFs JVp 

/ SR\t^,s'^)dsi Sj:\p,T)pip‘^ -2soP + \sf)-" dpi S2\\,pn 
/ ‘S'^^(/^,'S“)<^'S/sS’^^(s,T)(p2-2soP+|sp)“^dp/S^^(A,p“) 

The functions p I—>• (p^ — 2soP+|sp)“^5^^(A,p“) and p i—)• p(p^ — 2soP+|sp)“^5'^^(A,p") are 
holomorphic on Up n C/ and tend uniformly to zero as p tends to infinity in Up. We therefore 
deduce from Cauchy’s integral theorem that the first and the third of the above integrals 
equal zero. The estimate (5.8) allows us to apply Fubini’s theorem in order to exchange the 
order of integration such that we are left with 


F„(p,r)F„(A,r) = ^ / [^ / S],\p,s-)dsi 

J Vp L" '^T's 

■ {sS2^{p,T) - Sl^{p,T)p) (p^ - 2soP+ |sp)“^ dpiSl^{\p° 


(5.9) 


We want to apply Lemma 4.12 and thus define the set Ug^r '■= Ug H B{r, 0) for r > 0, which 
is a bounded axially symmetric slice domain. Its boundary d{Ug^r n Cj) in Cj consists of 
T^^r := hs n B{r,0) and the set Cr '■= {re^‘^ : —Og < p < 0g}. If p € Tp, then p e Ug^r 
for sufficiently large r because Up C Ug. Since the function s i-A S^^{p,s°‘) = (p — s“)“^ is 
intrinsic because p is real, we can therefore apply Lemma 4.12 and obtain for any such r 

sj:Hp,t)S],\p,p^) 

[ S]^^{p,s°‘)dsi {sSj;^{p,T) - S]r^{p,T)p) {p‘^ -2sop+\s\'^)~^ 

Jd{Us,rnCl) 

- 2soP+|sp)"^ 

^s,r 

+ ^ / S]^^{p,s^)dsi {sSl^{p,T) - Sl^{p,T)p) [p"^-2sop + \s\‘^)~^. 

J Cqr. 

As r tends to infinity the integral over Cr vanishes and hence 
Sz\p,T)S],\p,p^) 

= lim 7^ / S]^^{p,s°‘)dsi {sSl^{p,T) - Sl^{p,T)p) ip"^-2sop+\s\‘^)~^ 

V —>'+oo ZTT /r 

A s,r 

= Y [ {sSl^ip,T) - S2^{p,T)p) {p"^ -2 sqp+\s\‘^)~^. 

JTs 

Applying this identity in (5.9), we obtain 

F„(p,r)F„(A,r) = ^ f Sj:\p,T)dpi S],\p,p'^)sj:\x,p'-) 

JTr) 
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because and dpj commute as p is real. Since also A is real, we have 

S-(.,P»)5-(A.p”) = ^3^ 

= - a ^) = 

and thus, recalling (5.7), we obtain 
F„(^,r)F«(A,r) 

= (A-h)”M^/ Sl\p,T)dpiSl\p,p-)-^ j Sl^{p,T)dpiSl\\p-) 

\ J Tp ’^T'p 

=(A-/i)-i (F„(//,r)-j-„(A,r)). 

If 0 ^ psiT), then we consider the operator T + eX for small e > 0. This operator satishes 
0 G ps{T + eX) = ps{T) + £ and hence (5.6) applies. Moreover, for real t, we have 

S-\-t,T + eX) = S^\-{t + e),T). 

The estimate 

||5-i(_i,T + eX)||<^<^ 

therefore allows us to apply Lebesgue’s dominated convergence theorem to see that 

Fa{p,T + sX) _ ) f t"(p^ — cos(a7r) + t, T + eX) hi 

^ Jo 

H-oo 

i«(p2 _ 2pfOi cos(a7r) + S]^{—t, T) dt = Fa{p, T). 

Consequently, we have 

Fa{p,T) - Fa{X,T) = lim Fa{p,T + eX) - Fa{X,T + eX) 

£^>0 

= lim(A - ^)Th(^,T + eX)Th(A,T + eX) = {X - p)Fa{p,T)Fa{X,T) 
£->■0 

for A,/r G (—00,0] also in this case. 

□ 

Theorem 5.5. Let T be of type {M,oj), let a G (0,1) and let (pQ > max(a7r,a;). There exists 
a densely defined closed operator such that 

Sfi^{p,Ba) = Fa{p,T) for pGS(()>o,0), 

where Fa{p,T) is the operator-valued function defined by the integral (5.5). Moreover, Ba is 
of type (M, auj). 

Proof. From identity (5.6) it follows immediately that Fa{p,T) and Fa{X,T) commute and 
have the same kernel. Rewriting this equation in the form 

F^{p,T) = F,,{X,T) {X + {X - p)F^{p,T)) (5.10) 

shows that ran (FA(/r, T)) C ran(FA(A,T)) and exchanging the roles of p and A yields 
van{Fa{p,T)) = ran (Fh(A, T)). Hence, ran (Fh(/r, T)) does not depend on p and so we 
denote it by ran {Fa{ ■ ,T)). 

We show now that 

lim pFa{p,T)v = V for all v £ V, 

— y —oo 


£—^0 


sin(a7r) 


TT 


I 


(5.11) 
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where ^^Fa{^^■,T)v denotes the limit as /r tends to —oo in M. From (5.11), we 

easily deduce that ran (Fq,( •, T)) is dense in V because 


V= IJ ran(F«(^,r)) = ran(Fo(-,r)). 

Ate(—cxD,o] 

We consider hrst v G V{T). Since 


r+co 

Jo 


J.Q—1 


it is 


0 fF — 2^t°‘ cos(a7r) + 
sin(a7r) 


dt = — 


vr 


//sin(a7r) 


for /X < 0, 


(5.12) 


7 -, / sin(a7r) —at" ^ s , 

/xF„ r u - u =-/ ^— -^ . 2« r)u + u) dt 

vr Jq cos(a7r) +^ ^ 


For —/X > 1 and t G (0,oo), we can estimate 

-/x^-i -/xt° 


< 


—fit' 


a—1 


j.a— 1 


< 


/x^ — 2/xt“ cos(a7r) + ^2 gin(a7r)2 + {fi cos(a7r) — 1“)^ sin(a7r)2 sin(a7r)2 

and due to (5.1) we have WtS]^^{—t,T)v + x;|| < (M + l)||u||. On the other hand, since 
V G ^{T), it is 

tS^^{-t, T)v + v = -S^^{-t, T)Tv (5.13) 

and in turn, again due to (5.1), we can also estimate t, T)x; + x;|| < ||Tx;||/t such that 

we can apply Lebesgue’s dominated convergence theorem with dominating function 


f{t) = ^ 


K 


sin(a7r)2 

K 


Q —1 


for t G (0,1) 


t " for t G [1, +oo) 


, sin(a7r)2 

with K > 0 large enough, in order to exchange the integral with the limit for fi —^ —oo in 
In view of (5.13), we obtain 


lim fiFa{fi,T)v — V 

' —OO 

sin(a7r) /■+°° 


lim 


fit' 


a—1 


S],^{-t,T)Tv dt = 0. 


TT Jq M3/i->~oo fl"^ — 2flt°‘ cos(a7r) + ^ 

For arbitrary v £ V and e > 0 consider a vector G F{T) with ||x; — Ue|| < e. Because of 
(5.1) and (5.12), we have the uniform estimate 

r*+oo 




-fism[aTT^ 

TT 


I 




M 


0 fF — 2fiF cos(a7r) + t 


dt = M. 


(5.14) 


Therefore 


lim ||/xFQ,(^,r)x; - ull < lim ||/xF„(/x,r)||||x; - UeH + ||F„(/x,r)x;£ - UeH + Hue, - x;|| 

R3/i—>■—oo K9/i—>•—oo 

< (M + l)e. 

Since e > 0 was arbitrary, we deduce that (5.11) also holds true for arbitrary v £ V. 

Overall, we obtain that ran {Fa{ ■, T)) is dense in V. The identity (5.11) moreover also implies 
ker(Fc^( ■ ,T)) = {0} because v = Fa{fi,T)v = 0 for u G ker(F„( ■ ,T)). 

We consider now an arbitrary point /xq G (—oo,0). By the above arguments, the mapping 
Fa{fio,T) : V —)• ran(F„(-,T)) is invertible. Hence, we can define the operator '■= 
fi^jl — Fa{fio,T)~^ that maps V{Ba) = ran (F„(/xo, T)) to V. Apparently, Ba has dense 
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domain and = Fa{^Q, B^)- For S (—oo,0], we can apply (5.10) and (5.6) to 

obtain 


{fil - Ba)Fa{fi,T) = ((/i - /io)2:+ {fiol - Ba))Fa{fio,T){I + (/tq “ n)F^{^i,T)) 

= X+{lJ.- no){Fa{no,T) + (^0 - IJ^)Faif^o,T)Fa{n,T) - FaifJ.,T)) =1. 


A similar calculation shows that Fo,{fj,, T){^X — Ba)v = v for all v G T>{Ba). We conclude that 
Ba) = Fa{^, T) for any fj, G (—oo, 0). Since p i—)■ Fq,(p, T) and p eA S-R {p, Ba) are left 
slice hyperholomorphic and agree on (—oo,0), Theorem 2.19 implies S-^\p,B^) = F^{p,T) 
for any p G S(0, 

Finally, in order to show that Ba is of type {M,auj), we choose an arbitrary imaginary 
unit / G § and consider the restriction of ■ ,Ba) to the plane C/. This restriction is a 
holomorphic function with values in the left-vector space B(V) over C/. We show now that 
this restriction has a holomorphic continuation to the sector S(Q:a;,0) PlC/. Since this sector 
is symmetric with respect to the real axis, we can apply Corollary 2.21 and obtain a left slice 
hyperholomorphic continuation of S^{p^Ba) to the sector S(aa;,0). By Theorem 3.10, this 
implies in particular that i;(Q;ti;,0) C Ps{T)- 

The above considerations showed that we can represent S'^^{p, Ba) for p G S(w, 0) nC/ using 
Kato’s formula (5.2). Rewriting this formula as a path integral over the path 70 (t) = ,t G 
[ 0 , + 00 ), we obtain 


S^\p,Ba) = - 


sin(a7r) 




S^\z,T) dz, 


IT 


'70 


(z"e“-^2o7r _ p)(^z°‘ — p) 


where z denotes a complex variable in C/ and z i-a is a branch of a complex a-th power 
of z that is holomorphic on C/ \ [0, 00 ). To be more precise, let us choose (re^®) = 

with 6 G (0, 27r). (This is however not the restriction of the quaternionic function s ^ 
defined in (2.16) to the plane C/, cf. Remark 2.44!) 

Observe that for fixed p the integrand is holomorphic on Dq := S(a;,0) n Cj. Hence, by 
applying Cauchy’s Integral Theorem, we can exchange the path of integration 70 by a suitable 
path 'jK.it) = G [0,oo) and obtain 


Sr {p,Ba) = - 


sm avr 


TT 




'7k 


(^;"e“^2«7r _ _ p-^ 


Sj^'^{z,T) dz. 


(5.15) 


On the other hand, for any k G {—to, to), such integral defines a holomorphic function on the 
sector := {p G C/ : a{TT — k) < argp < 27r — a(Tr + «;)}, where the convergence of the 
integral is guaranteed because the operator T is of type {M,uj). The above argument showed 
that this function coincides with S'^^{p, Ba) on the common domain Dq O and hence 
p i-A S^{p,Ba) has a holomorphic continuation Fj to 


D= IJ = {p G C/: Q:(7r - k) < argc/p) < 27r - a(7r - k)}. 

k€(— 


This set is symmetric with respect to the real axis and, as mentioned above, we deduce 
from Corollary 2.21 that there exists a left slice hyperholomorphic continuation F of Fj to 
the axially symmetric hull [D\ = S(aa;,0) of D. Consequently, ^(aWjO) C ps{Ba) and F 
coincides with S^{ ■, Ba) on T,{aoj, 0 ). 

In order to show that \\pSr{p, Ba)\\ is bounded on every sector S(0,O) with 6 G (a;Q;,0), we 
consider first a set 


Dk,s ■= {p & Cj : 6 + a{7T — k) < argp <2 tt — a{7r -|- k) — (5} 
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with K e (—a;,a;) and small <5 > 0. For p £ with (j) = argQ(p) G (0,27r), we may 
represent pS]^^{p, Ba) by means of (5.15) and estimate 


\\pS],^{p,B^)\\ < 

\p\ sin(a7r) 


\p\ sin(a7r) 


r+oo 

Jo 


vr 


^+oo 

Jo 


Jo — p)| 


S],\re^^^-^\T)\\ dr 


1 ( 7.0 _ |p|g/(fli+(7r+K)o)^(^o _ |p|g/(0-(7r-K)a)^| 


l|s;;‘(re'i'-«i,r)|| dr. 


The operator r is of type (w, M) and hence exists a constant > Osuchthat 
M/r. Substituting r = r"/|p| yields 


\\pS],Hp,Ba)\\ < 


sin(a7r) 


TT 


r+oo 

Jo 




1 ( 7 - _ g/(0+(7r+K)a))(7- _ g/((/)-(7r-K)Q:))| 


dr. 


This integral is uniformly bounded for 


4> G {5 + a{'K — k), 2-71 — a{'n + k) — <5) 
such that there exists a constant that depends only on k and <5 such that 

\\pS{p,Ba)\\ < C{k, 6) for pGD^^s- 

Now consider a sector S(0,O) with 6 G (ti;a,7r). Then there exist = 1,... ,n such 

that S(0,0) n C/ C Ur=i and hence 

\\pS^{p,Ba)\\ < C ■.= max (5i) for p G S(0,0) H C/. 


For arbitrary p = Pq + IpPi G S(0,O) H C/, set pi = Po + Ipi- Then the Representation 
Formula, Theorem 2.20, implies 

\\pS],\p,T)\\ < i||(l - IpI)pjS],\pi,B^)\\ + ^\\{l + IpI)pjS],\pI,Ba)\\ < 2C. 
Finally, the estimate f, Rq)|| < M/t follows immediately from (5.14). 

□ 


Definition 5.6. Let T G }C{V) be of type {uj,M). For a G (0,1) we define T“ := Ba- 
Corollary 5.7. Definition 5.6 is eonsistent with Definition fil6. 

Proof. Let T G fC{V), let a G (0,1) and let T“ be the operator obtained from Definition 5.6. 
If ||5)^^(s,T)|| < K/{1 + |s|) for s G (—oo,0], then we can apply Lebesgue’s dominated 
convergence theorem in order to pass to the limit as p tends to 0 in Kato’s formula (5.2) for 
the right S'-resolvent of T". We obtain 

(T“)-i = -5^^(o,r“) = r t-^Sfi^{-t,T), dt = r-“ 

^ Jo 

where the last equality follows from Corollary 4.8. 

□ 

As an immediate consequence of [35, Theorem 5.6] and Theorem 5.5, we obtain the following 
Corollary. 


Corollary 5.8. Let T G }C{V) be of type {io,M). If a G (0,1) with aoj < 7r/2, then —T" is 
the infinitesimal generator of a strongly eontinuous semigroup that is analytic in time. 
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Appendix A. Estimate for applying Fubini’s Theorem in (4.7) 

We want to show that we can apply Fubini’s theorem to exchange the order of integration in 
(4.7), i.e. in 


rp — OL _ 


(27r)2 


ld(UsO.Ci) \Jd{Uj,O.Cj) 


p dpj SJ{p,s)] dsiSJ{s,T). 


(A.l) 


In order to show that the integrand is absolutely integrable, we consider the parameterizations 
Fs and Fp of d{Us Fl C/) and d{Up n Cj) that are given by 


and 


r.(r) 


'r+(r) 
< F0(r) 
Jiir) 


re , re[ao/2,+oo) 

r E (-ao/2,oo/2) 
, r S (—oo, — ao/2] 


^pit) 


fF+(t) 

j, 

^ F0(t) := fe “0 
T-{t) 


t G [ao/3, +oo) 

t G (-ao/3, ao/3) • 
t G (—oo, —ao/3] 


Then 


(2vr)2 



\\p-^ dpj S-p,\p,s)dsi S-^\s,T)\\ 


V ! ! \\p °'dpjSR{p,s)dsiSp^^{s,T)\\ 

, 1 -'Ft 


(A.2) 


r,j/e{-,0, + } “ p 


and it is sufficient to estimate each of the terms in the sum separately. Applying Theorem 2.8 
allows us to estimate 


\S],\p,s)\ < i|l - IJ\^^ + ^|1 + IJ\t=^ < 

2 |p/ - s| 2 \pi - s\ \pi - s/| 


(A.3) 


where pi = Po + Ipi for p = p^lppi. Hence, for r, p G {+, —}, by applying (4.2), we have 

/ / \\p-^dpjS-p,\p,s)dsiS^\s,T)\\ 

Jri Jr- 

’ 2 Ml , , /■+“ /■+' 

/ ^ I —Tl - TT\ - dt dr = / 

J20 \te^p^ — re^^^ \ 1 + r J2o 


I QQ _ 

2 "3 

r+oo /•+CX) 


f-" 2Mi 

f - \ \ p 


dt dr 


f f dt ^ dr 

lag IaQ 11 — g(0s—6p)r| pl + O ^ T 

J - 5 - - 3 - I r I 


^+00 

r+00 

p " 


/ “0 

3 r 

1^ — ^i^s— 0 p)l 1 


a 1 2Mi 
dp - dr. 
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The modulus of // — can be estimated from below by the absolute value of its real 

part or by the absolute value of its imaginary part, and therefore, 


/■pr J'Pu 

^ s ^ p 


\p-^dpjS],\p,s)dsjS],\s,T)\\ 


^+oo ^+oo 

J 2 

I 






2 

+ 00 


, 1 2Mi , /■+“ 

__ dv I I 

p - cos{6s - Op) r" 1 + r 7^ sm{6p - Og) r“ 1 + r 


^ 1 2Mi 

dp — — dr 




, +'^ 1 2Mi , 

dp I —z - dr 


2 p — cos{9s — Op) 7^0 r" 1 + r 


=:Ci<+oo 


r +00 


+ 


= :C2<+oo 

1 


f fH 
2 


1 I—a 


,1 — 0 


sin(0p — 0s)\l — a (1 — a)3^““ ^ 1-0 J p 
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where each of these integrals is finite. 

For T = 0 and p = +, we can again use (A.3) to estimate 
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Since 0 < 0s < < tt, the distance 6 of the set 

“0 ^ : -ao/2 < r < ao/2| 

to the positive real axis is greater than zero, and hence, 

\\p-^dpjS],^(j},s)dsiS],\s,T)\\ 


<- 


Jro Jr+ 

. 20s Ml 


1 + ^ J 7^12- d 

^ 2 3 

20sooMi n 


^ , , 20sMi 

—^ dtdr + 


r +00 


4-(l + ai) 


f)4 L 


1 J_ “a / an / 

W 2 J —^ Jao 

+ 00 + — Oi 


'' 2 


dtdr 


4- QQ 

^ 2 


(if, 


where again these integrals are finite. A similar computation can be done for the case r = 0 
and V = —. 
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For T = + and = 0, we apply once more (A.3) and obtain 
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Estimating the modulus of the denominator from below with the modulus of its real part, we 
obtain 
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and this last integral is finite. The estimate of the case r = — and v = Q can be done in a 
similar way. 

Finally, the summand for r = 0 and Z 2 = 0 consists of the integral of a continuous function 
over a bounded domain and is therefore hnite. 

Putting these pieces together, we obtain that the integrand in (A.l) is absolutely integrable, 
which allows us to apply Fubini’s theorem in order to exchange the order of integration. 

Appendix B. Estimate for applying Fubini’s theorem in (4.13) 

We want to show that we can apply Fubini’s theorem to 
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such that 
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and V = + 

[ s~°‘dsi [ Sl^{p,T)p{p^-2sop+\s\‘^)~^dpi p~^ 

Jr+ Jr+ 

r+oo p+00 

•J CL g •J Clp 

■ dtdr. 


Using the estimate ||S'^^(s, T)|| < Mi/(1 + |s|) obtained from Lemma 4.2 and setting C = 
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We set po = maxcos(0p ± Og) and pi = min |sin(0p =F 0s)| and observe that pi > 0 since we 
chose tt/ 2 < 0p < Og < tt. Estimating from below by the modulus of its real 

and imaginary part, we finally obtain that the above integral is bounded by 
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because 0 < /3 < 1. 

The second integral in (B.2) with u = + and u = + is 
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Using again the estimate ||S'^^(s,r)|| < Mi/(1 + |s|) obtained from Lemma 4.2 and setting 
C = supjg[o,+oo) Mit/{l + t) < + 00 , we can estimate the integral of the norm of the integrand 
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by 
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An integral of this form appeared in (B.3) and we have already seen that it is hnite. Similar 
estimates also hold for all terms in (B.2) with u,v € {+, —}. 

For u = + and ?; = 0, we have 
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and, again using the estimate ||S'^^(s,T)|| < Mi/(1 + |s|) obtained from Lemma 4.2, we find 
that the integral of the absolut value of the integrand is lower or equal to 
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For the second integral in (B.2) with u = + and u = 0, we have 
[ s~°'dsi[ sSl^(j),T){p^-2sop+\s\^)~^ dpip~l^ 

Jrt 4ro 


r+oo 

«/ 0, 0 


r-a^iadse-ie. 


rOp 

’i-I) 

d — dr, 


re^^^Sj;\ape-^^,T)- 


^OpC — re (^UpC OpC ^^(—I)‘^ap^e^^^ d9 dr 


Using the estimate ||5'p^^(s,T)|| < Mi/(1 + |s|) obtained from Lemma 4.2, we can estimate 
the integral of the absolute value of the integrand by 
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where 5 > 0 is again the distance between the set in (B.4) and the positive real axis. Similar 
estimates hold true \i u = — and u = 0. 

If rt = 0 and n = +, then 
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Once more the estimate ||S'£^^(s,T)|| < Mi/(1 + |s|) obtained from Lemma 4.2 allows us to 
estimate the integral of the absolute value of the integrand by 
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where again C = supjg[o,+cx))-^1^/(1 + t) < +oo and the second inequality follows because 
Us < Up. For the second integral in (B.2) with m = 0 and u = +, we similarly have 
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As above, we can estimate the integral of the absolute value of the integrand by 
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where the last inequality follows again because Ug < ap. Similar estimates hold for the case 
ti = 0 and V = —. 

Finally, the integrals in (B.2) with u = 0 and u = 0 are absolutely convergent since, in this 
case, we integrate a continuous and hence bounded function over a bounded domain. 
Putting these pieces together, we obtain that we can actually apply Fubini’s theorem in (4.13) 
resp. (B.l) to exchange the order of integration. 
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